WEYL SYMMETRY FOR CURVE COUNTING
INVARIANTS VIA SPHERICAL TWISTS

TIM-HENRIK BUELLES AND MIGUEL MOREIRA

ABSTRACT. We study the curve counting invariants of Calabi—Yau
3-folds via the Weyl reflection along a ruled divisor. We obtain a
new rationality result and functional equation for the generating
functions of Pandharipande-Thomas invariants. When the divisor
arises as resolution of a curve of A;-singularities, our results match
the rationality of the associated Calabi—Yau orbifold.

The symmetry on generating functions descends from the action
of an infinite dihedral group of derived auto-equivalences, which is
generated by the derived dual and a spherical twist. Our techniques
involve wall-crossing formulas and generalized DT invariants for
surface-like objects.
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1. INTRODUCTION

1.1. Overview. Let X be a Calabi—Yau 3-fold containing a smooth
geometrically ruled divisor W. Physical considerations for BPS state
counts [KMP, KM1] suggest that the curve counting invariants of X
are constrained by this constellation. More precisely, let w € Hy(X,Z)
be the class of the divisor and b € Hy(X, Z) be the class of the rational
curve of the ruling. Consider the Weyl symmetry on Hy(X,Z) defined
by

Br—pB=p+(w-B)b.

Since w- b = —2, this defines a reflection. The guiding example is that
of an elliptic Calabi—Yau 3-fold

X - P x P!

which is fibered in elliptic K3 surfaces over P!, see Section 1.6. For K3
curve classes 3, the Weyl symmetry § < 3’ is exactly realized on the
level of Gopakumar—Vafa invariants
Ny = Mg

The equality is reminiscent of the monodromy for quasi-polarized K3
surfaces. For arbitrary f € Hy(X,Z) such an equality cannot hold,
for example when 8 € Hy(W,Z) in which case the invariants are given
by the local surface Ky . Instead, we find that the Weyl symmetry
is realized as a functional equation. This symmetry is analogous to
the rationality and the ¢ <+ ¢! invariance for generating series of
Pandharipande-Thomas stable pairs invariants.

The Pandharipande-Thomas (PT) [PT1] invariants PTs, € Z are
curve counting invariants enumerating stable pairs in the derived cat-
egory D’(X) with curve class 8 and Euler characteristic n € Z. Our

results concern the 2-variable generating series’

PTﬁ(Q) Q) = Z PT,BJrjb,n (_Q)n Qj .
n,jEZ

Let £ be a rank 2 bundle over a smooth projective curve C' of genus ¢
and p: W = Pc(€) — C be the corresponding P'-bundle. We will

assume that X admits a nef class A € Nef(X) which vanishes only on

IWe use the non-standard sign —q which simplifies some formulas.
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the extremal ray spanned by b, i.c.?
(0) Ker (fof (X) 25 Z) = Zo-b.
The generating series PT of multiples of b is easily computed as

PTo(q, Q) = [[(1 - #/Q)* 2.

j=>1
Our main result is:
Theorem 1.1. Let X be a Calabi—Yau 3-fold containing a smooth
divisor W satisfying condition ({})). Then

PTs(q, Q)
PTO(Q7 Q)

is the expansion of a rational function fz(q, @) such that
fola™ Q) = fs(a,Q),
fo(a, Q) = Q™" f3(¢,Q) .

€ Q(¢, Q)

The rationality in ¢ and the invariance under ¢ <+ ¢! are well-

known [Bri2, PT1, Tod3, Tod6]. The symmetry is induced by the
action of the derived dual D¥ on D°(X). Analogously, we introduce
a derived anti-equivalence p of order two, which promotes the Weyl
reflection to the derived category and induces the second functional
equation on generating functions. It is defined as

p:t‘I)O]D)X7

where ¢4 is a derived equivalence of infinite order induced by a spherical
functor ®.

The image of a stable pair under p leads to complicated objects in the
derived category and a symmetry on invariants is not easily deduced.
Instead, we consider an abelian category

Ac DY),

defined as a tilt of Coh(X) along a torsion pair. The action of p on A
is analogous to the action of DX on Coh(X). In particular, we consider
a notion of dimension which is preserved by p (up to shift). Define the
extension closure

"B = <(9X[1] ,A§1>.

2We do not require the line bundle to be basepoint-free and we do not assume

a contraction morphism. Such a nef class exists in many cases, e.g. for elliptic
Calabi—Yau 3-folds.
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The action of p induces a symmetry for perverse PT invariants PPT. ,,
enumerating torsion-free objects in P5. These objects are allowed to
have non-trivial first Chern class a multiple of the class w. For r € Z
and v = (rw, 3) define the generating series

L0, Q) = 3 PTon (—0)" @ € Qllg™, Q7).
n,jez
The rationality and functional equation for PPT,, is proved via Joyce’s
wall-crossing formula [Joy]. The formula involves generalized DT in-
variants for surface-like objects supported on W with non-trivial Euler
pairings.

Theorem 1.2.
pPT’Y((L Q) € Q<QJ Q)

is the expansion of a rational function f, € Q(g,Q) with functional
equation

FhQ ™) =QWFrE29r £ (q.Q).

Theorem 1.1 is a consequence of Theorem 1.2 in the special case
r = 0, together with the ¢ ++ ¢! symmetry. The comparison between
stable pairs and perverse stable pairs is given by a second wall-crossing.
The following formula holds as an equality of rational functions but not
necessarily as generating series.

Theorem 1.3.

PT5(q,
"PT0,5)(q, Q) = ﬁ'

1.2. Crepant resolution. The results and techniques of this paper
are strongly influenced by the recent proof of the crepant resolution
conjecture by Beentjes, Calabrese and Rennemo [BCR] for Donaldson—
Thomas (DT) invariants [Tho]. Consider a type III contraction X —
Y with exceptional divisor W, contracting the rational curves of the
ruling. Assume that X — Y is the distinguished crepant resolution of
the (singular) coarse moduli space of a Calabi-Yau orbifold )

y X
NS
Y

The derived McKay correspondence proposed by Bridgeland, King, and
Reid [BKR] induces a derived equivalence

d: D(X) = DY),
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which restricts to an equivalence [Cal2, Theorem 1.4]
A = Coh(Y).

The notion of perverse stable pairs on X coincides with the image
of stable pairs on ). The results of Theorems 1.1, 1.2, and 1.3 are
the rationality and functional equation of PT()) and the wall-crossing
between @~ (PT(Y)) and Bryan-Steinberg pairs of X — Y [BCR, BS,
Cal2]. The nef class is given by the pullback of an ample class on Y
and the derived anti-equivalence p corresponds to the derived dual of )

p=d'oDVod.

1.3. Spherical twist. Define the functor ®: D*(C) — D’(X) as
O(V) = 1. (0p(-1) @ p*V) .

This defines a spherical functor [AL, Hor, ST|. Let ®g be the right
adjoint. The cone of the counit morphism defines the spherical twist te,
an autoequivalence of D’(X), via

Podgp —id = te .

The derived dual D¥ and the spherical twist ts generate an infinite
dihedral group (containing p) which underlies the functional equations
of Theorem 1.1.

1.4. Gromov—Witten/ BPS invariants. The second functional equa-
tion of Theorem 1.1 implies strong constraints for the enumerative in-
variants in curve classes  + jb for varying j € Z and fixed genus.
In particular, finitely many j determine the full set of these invariants.
Let GW}, g be the Gromov-Witten invariants of X and assume that the
GW/PT correspondence [MNOP1, MNOP2, MOOP, PP] holds for X.

Corollary 1.4. For all (h,3) # (0,mb), (1, mb) the series
> GWipep @’

JEZ

is the expansion of a rational function f, 5(Q) with functional equation

frs(@ ) =Q " f,5(Q).

The rational function is expected to have the particular form

Frg = ps(Q)
Y1)

which leads to polynomiality of GW}, g4, and the limit behavior of
BPS counts (as j — oo) discussed in the physics literature KKV,
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Section 5]. For the local Hirzebruch surface Ky, we give full proofs in
Appendix A.

1.5. Elliptic Calabi—Yau 3-folds. Let p: S — C be a P!-bundle

over a smooth projective curve C' and
f: X—=S

an elliptic fibration® with a section W. Let D be a sufficiently ample
divisor on C' such that —Kg + p*D is ample. A nef class satisfying
the condition (<») is given by

w+ f*(—Ks+p*D) € H*(X,Z).
For any 8 € Hyo(W,Z) define
Pﬁ(‘]a t) = Z Z PT,B—i—dﬂn (_Q)n td )

d>0 nez

where f € Hy(X,Z) is the class of a smooth elliptic fiber. Recent
considerations in topological string theory [HKK] predict that

B = 5y

is the expansion of a meromorphic Jacobi form. Theorem 1.1 implies

non-trivial constraints among the Jacobi forms {Zg;b}jez.

1.6. STU. Theorem 1.1 and Corollary 1.4 provide mathematical proofs

of a heterotic mirror symmetry on BPS invariants as observed in [KKRS].
The symmetry is discussed for type IIA duals of the STU model, i.e.

the elliptic Calabi—Yau 3-fold

X - P x P!

such that both projections to P! define K3-fibrations with 528 singular
fibers with exactly one double point as singularity. This geometry can
be constructed as a hypersurface in a toric variety [KMPS].

The symmetry on BPS invariants [KKRS, Section 6.10.3] is realized
by the second functional equation of Theorem 1.1 and we can identify
the infinite order symmetry [KKRS, Equation 6.65] with the action
of tg. The rationality and functional equation of Corollary 1.4 veri-
fies [KKRS, Equation 6.67]. We obtain the precise form of the rational
function for the local case Kpi p1 in Appendix A.

3Since X is Calabi-Yau, C' is necessarily rational and S is a Hirzebruch surface.
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As a special case of the rationality and functional equation, consider
£ = hf a multiple of the elliptic fiber class. Then, the generating func-
tion is in fact a Laurent polynomial in () and the functional equation

f3(q.Q7") = Q™" f5(¢,Q)

holds at the level of coefficients and recovers the symmetry

K3 K3

g mb+hf = Mg (h—m)b+hf
of BPS invariants for K3 surfaces. This symmetry is usually seen as a
consequence of the monodromy for quasi-polarized K3 surfaces.

A related geometry, also called an STU model in the physics litera-
ture, may be useful towards a crepant resolution conjecture in the non
hard Lefschetz case. We consider

X — I

an elliptic Calabi-Yau 3-fold over the Hirzebruch surface ;. The fibra-
tion has a section W and we obtain X --+ X’ as the Atiyah flop along
the rational curve in W of self-intersection —1. After this transforma-
tion we have a type II contraction X’ — Y with exceptional divisor P2,
which is the crepant resolution of an isolated canonical singularity. Af-
ter the flop formula for DT invariants [Call, Tod4], the symmetry of
Theorem 1.1 must induce a symmetry on X'.

1.7. Outline. We briefly sketch the strategy of the paper. Section 2
contains a discussion of perverse sheaves and the perverse t-structure
associated to the geometry. We introduce the anti-equivalence p and
show several important properties that will be needed in the later parts.
In Section 3 we recall some facts about Hall algebras, pairs, and wall-
crossing, and we set notation for the rest of the paper. Stability condi-
tions play an important role for this paper and we comment on them in
Section 4. In Section 5 we introduce invariants which resemble Bryan—
Steinberg invariants [BS] and we prove a wall-crossing formula between
those and usual PT invariants. The wall-crossing formula shows a re-
lation of the form

BSB:P_T‘O

and thus gives a natural interpretation to the quotient on the right
hand side. The rationality and symmetry for PPT invariants are proven
in Section 6. Essentially, the result is obtained by comparing PPT
invariants with p(PPT) invariants in two ways: first using the anti-
equivalence p, and then using wall-crossing. In Section 7 we describe a
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wall-crossing between the BS invariants and the perverse PPT invari-
ants (which in the crepant case X — Y are the orbifold invariants).
An important aspect is that while PT and BS invariants are defined
using the integration map on the Hall algebra obtained from the heart
Coh(X) C Db(X), the perverse PPT invariants are defined using the
heart A C D?(X). The (-wall-crossing of Section 7 takes place in A.
In Section 7.2 we identify BS-pairs as the pairs in the end of the (—wall-
crossing. The following diagram represents the different invariants we
use in the paper and their relations. The squiggly arrows represent
wall-crossing formulas.

PT s BS =22= ((,0) ~tons PPT

1.8. Related work. The following question was posed by Toda [Tod5]:

Question. How are stable pair invariants on a Calabi—Yau 3-fold con-
strained, due to the presence of non-trivial autoequivalences of the
derived category?

The most famous instance is the rationality and functional equa-
tion induced by the derived dual. Similarly, the elliptic transformation
law for Z3(q,t) is deduced from a derived involution [OS]. Significant
progress for abelian 3-folds was made using Bridgeland stability con-
ditions [OPT]. The Seidel-Thomas spherical twist for an embedded
P? was considered in [Tod5] and certain polynomial relations for sta-
ble pairs invariants were obtained. Our results provide an answer to
Question 1.8 for the involution p. The flop construction X --+ X’ of
the previous section must connect our results with the ones obtained
in [Tod5, Theorem 1.2].

1.9. Conventions. We work over the complex numbers. The canoni-
cal bundle of W is denoted Ky . Intersection products are denoted by
a dot, e.g. w- . Stable pairs are considered in cohomological degree
—1 and 0. This convention follows [BCR] and differs from [PT1].
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2. PERVERSE T-STRUCTURE

In this section we give a self-contained discussion of perverse sheaves
and duality associated to the following geometry.

2.1. Geometry. Let C be a smooth projective curve, £ a locally free
sheaf of rank 2, and W = P¢(€) a geometrically ruled surface with
projection p: W — €. We assume that £ is globally generated? and
we fix line bundles Ly, Ly € Pic(C') such that

0L =& —Ly,—0.

Let X be a smooth projective Calabi—Yau 3-fold containing W as a

divisor:

W < X

rl

C
The curve class of a fiber of p (and its pushforward to X)) is denoted b.
The nef class A of condition ({) restricts to a multiple of the fiber class,
i.e. t* A is numerically equivalent to agb for some ag € Z~y. Recall that
we have the Euler sequence on W which we will use repeatedly:

0= w, = Op(—1) @p*EY — Ow — 0.

2.2. Torsion pair. Define the category
T ={T € Coh(X) | R'p.(s’T) = 0}.

ATwisting £¥ with an ample line bundle does not change the geometry P ).
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Lemma 2.1. The subcategory 7 C Coh(X) is closed under extensions
and quotients in Coh(X).

Proof. Use the long exact sequence of higher pushforward sheaves and
the fact that R%p, = 0 since the fibers of p are 1-dimensional. O

Define the orthogonal complement
F=T+={F € Coh(X)|Hom(T,F)=0forall T € T}.

By [Tod4, Lemma 2.15] we obtain a torsion pair (7, F) of Coh(X).

Throughout, if a sequence of full subcategories Cy,...,C,, C C of
some abelian category C forms a torsion m-tuple [Tod6, Definition 3.6]
we write

C: <C1,...,Cm>.
We consider the perverse t-structure on D°(X) whose heart is the
tilt [HRS]
A= (F[1],T).
Every E € D°(X) has associated perverse cohomology PH(E) € A

and exact triangles lead to long exact sequences of perverse cohomology.
Define the perverse dimension

P dim(E) = max { dimsupp(E) N (X \ W), dim p(supp(E) N W) } .

We write A<y, for elements of .4 with perverse dimension at most k£ and
Ay for elements with pure perverse dimension k, i.e.

Hom(Agkfl, Ak) =0.
We also denote Fi[l] = F[1] N Ay and T =T N Ay.

2.3. Duality. The derived dualizing functor (—)" = RHom(—,Ox)
is a duality for the standard t-structure on D°(X). We introduce a
duality p on D’(X) which is the analog for the perverse t-structure.

Define the functor ®: D*(C) — Db(X) as
(V) = 1.(O,(-1) @ pV).
The right adjoint is
Pr(E) = Rp.(0,(1) @ ww[-1] @ LI°E) .
The cotwist cotg is defined as the cone of the unit morphism

id — ®p 0P — coty .
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A direct calculation shows that ®z o ® splits as
Drod =id ®we[—2]

and cotg is isomorphic to we[—2], which is an auto-equivalence. Thus,
® is a spherical functor [AL, Hor, ST] and we obtain an auto-equivalence
of D’(X), the twist tg, defined as the cone of the counit morphism [AL,
Theorem 1.1]

Podp —id — ts .
We consider an anti-equivalence of order two defined as®
p=tsol2]o(~)".
For any E € D’(X) we have the important exact triangle
(A) EY[2] = p(E) — ® o ®g[1] (EV[Q]) .
We can now state the main, and most difficult, result of this section.

Theorem 2.2.

(i) p(Ao) C Ao[-1],
(i) p(A1) C A

Outline. The proof will be given in Sections 2.6 to 2.9. We start with
properties and basic results in Sections 2.5, 2.6. In Section 2.7 we
prove that objects in A with support contained in W are successive
extensions of objects which are scheme-theoretically supported on W.
This will also be applied in Section 4 to prove that a function v defines
a stability function on A<;. Theorem 2.2 (i) is proved in Section 2.8.
In Section 2.9 we prove that for any £ € A< the perverse cohomology
sheaves satisfy

(*) PH(p(E)) =0, i#0,1, PH'(p(E)) € Ag.
This suffices to deduce Theorem 2.2 (ii). O

Theorem 2.2 should remind the reader of an analogous property of
the derived dual D¥ acting on Coh(X):

D (Cohg(X)) = Cohg(X)[-1], D*(Coh;(X)) = Coh;(X).

Indeed, the next section clarifies the origin of this analogy.

>The derived dual of Section 1.1 is DX = [2] o (—)V.
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2.4. Crepant case. We explain now our main motivation for the tilt
A and for the derived anti-equivalence p by considering the case of a
type III contraction X — Y, as described in Section 1.2.

In this setting, Y is the coarse moduli space of a Calabi-Yau orb-
ifold Y that has BZs-singularities along a copy of the curve C'. The
derived categories of X and ) are isomorphic via the derived McKay
correspondence [BKR]

d: DP(X) = DY(Y).

The heart A C D°(X) coincides with Bridgeland’s category of per-
verse sheaves [Bril, VdB]|

A ="Per(X/Y),

so under the McKay correspondence it should be regarded as Coh())).
Indeed, let jo: Cy < Y be the contraction of W, i.e. Cy = m(WW). Then,
for any T € Coh(X) the higher pushforward R'7,T is supported on
Cy, so R'7, T = 0 if and only if

0=j*R'n,T = R'p.*T.
The equality used holds by the proper base change theorem.

Under the McKay correspondence, the notion of perverse dimen-
sion that we defined coincides with the usual dimension on the orb-
ifold. The anti-equivalence p coincides with the derived dual DY =
RHom(—, 0y)[2] on the orbifold, i.e.:

Proposition 2.3. In the setting above, we have

p=d1oDV0d.

Proof. We let U = &1 oDDY o ® o p. Since ® is a derived equivalence,
whereas p and DY are derived anti-equivalences, the composition ¥ is
a derived equivalence. We prove that W is isomorphic to the identity
by analysing W (k(x)) and using again [Huy, Corollary 5.23].

If x € X\ W then Lemma 2.4 shows that
U(k(z)) = ((ID_I oDY o (ID) (k(x)[—l]) = (CID_l o ]D)y) (k(w(m)) 1] = k(x).
For x € W, one has the exact triangle of Lemma 2.4 and applying
d~1 oDY o ® to it produces the exact triangle
(1) Op(=1) = ¥(k(z)) = Op(-2)[1].
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We used that ®~! oDY o ® is an anti-equivalence and we determine
the images of Op(—2), Op(—1)[—1] using [BCY, Section 4.3], [BCR,
Appendix A]

®(0p(-2)[1]) =0}, @(0p(-1))=0,, DY(0;)=0,]-1].

p p
Extensions determined by (1) are classified by
Hom(Op(—2),0p(—1)) = C?
and we get that U(k(z)) = k(f(x)) for some f(z) € B =n*(7(x)).
By [Huy, Corollary 5.23] it follows that f: X — X is an isomorphism
and ¥ = (M ®—)o f, for some line bundle M. Since fix\w = idx\w, we
conclude that f = id. By Proposition 2.5 and the fact that ® preserves

structure sheaves, one easily sees that U(Ox) = Ox and thus M is the
trivial line bundle, so ¥ = id. U

As we mentioned in Section 1.2, when X is obtained as a crepant
resolution our results follow from [BCR]. The previous proposition
explains how the heart A and the duality p play the role of Coh())
and DY, respectively, in the proof of the rationality and functional
equation for the orbifold PT invariants [BCR].

2.5. Properties of p. We gather here some of the key properties of
the duality operator p. We begin with a direct computation of the
image of some objects (of perverse dimension 0) under p.

Lemma 2.4. For all points x € X and fibers B C W

) If @ € W, then p(k(z)) = k(z)[—1],
) p(O5(=2)[1]) = Op(-2),
(iii) p(Op(-1)) = Op(-1)[-1],
iv)

Op(~2) = p(k(x)) = Op(=1)[-1],
(v) for all k < =2, p(Op(k)[1]) € Ag[—1],
(vi) for all k > —1, p(Op(k)) € Ao[—1].

Proof. Part (i) follows from k(z)[2] = k(z)[—1] and ®x(k(z)) = 0.
Part (ii) and (iii) are computed directly. Then, any x € B corresponds
to an exact triangle

OB(—l) — k(l’) — OB(—Q)U] ,
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and application of p yields (iv). For (v) and (vi) we can use induction
on k to reduce to (ii) and (iii) respectively. d

Proposition 2.5. We have
p(Ox) =0x[2], pop=id.
Proof. The first claim follows from ®r(Ox) = 0, thus
p(Ox) = Ox[2] = Ox[2].

For the second claim we use the computations in Lemma 2.4 which
imply that for all x € X there is y € X such that

pop(k(z)) = k(y).
Moreover, x =y for x € X \W. Now we apply the general fact [Huy,
Corollary 5.23] that any auto-equivalence ¥ with W(k(z)) = k(f(z)) is
of the form

U= (M®-)o f,
where f: X — X is an isomorphism and M is a line bundle. Then
fixuw = id, thus f = id, and by the first claim M must be the trivial
line bundle. O

The action of p on cohomology can be directly computed using the
exact triangle (A). For our purposes, it suffices to consider objects
E € A, in particular chyo(E) = 0, and ch; (F) is a multiple of w. It is
convenient to compute the action using (chy, chy, X).

Proposition 2.6. The anti-equivalence p acts on (chy, chs, x) as
(Tw,ﬁ,n) s (rw,ﬁ + (W B—=(2— Zg)r) b, —n) )
Proof. First note that for all V € D°(C') we have
X(2(V)) = x(1:(Op(~1) @ p*V))
= x(Rp.(0, (—1)) ®@V)=0.

Thus, x(p(E)) = x(EY[2])) = —x(E). Next, we compute the class
of p(E) for E = 1,0,(—1) = ®(O¢). We have r = 1 and denote by
B = chy(FE). Using ®ro® = id @ we[—2] we find (see also the proof of
Lemma 2.19)

p(E) = & (wg @ det(£Y)) .
Thus, ch; (p(E)) = chi(E) and

chy(p(E)) = B+ (49 — 4 + deg(EY)) b
:ﬂ—{—(w-ﬂ—(Q—Qg))b.
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Finally, let £ € D°(X) with [E] = (8,n) € N<;(X). Then
ch(Lo*E) = ch(E) — ch(E ® Ox(—W)) =w- 3 € Ny(W).
Using the triangle (A), we find ch; (p(E)) = 0 and

cha(p(E)) = B+ (w-B)b.
The three cases together prove the claim by additivity. O

2.6. Basic results (proof of Theorem 2.2). We start by setting up
some notation that will later be useful in the induction process we’ll
use.

Notation 2.7. Let w € Amp(X) be an ample class and E € Coh(X)

with at most 1-dimensional support outside of W. Denote by ch? (E) =
w3 ch;(E). We write ch”(E’) < ch”(E), if

(i) 0 < chy(E

(ii) 0 = chy

(iii) O

") < chi(F), or

') = ch{(E), and 0 < chy (E’) < chy(E), or
(E') = ch{(E), and 0 = chy(E’) = chy(F), and
(") < b (E).

Then, ch”(F) > 0 with equality if and only if £ = 0. Note that
ch”(F) > 0 is minimal if and only if F' = k(z) for some z € X.

(E
(B
o w
- 1
ch"

Notation 2.8. For G', G € Coh(W) we write R'p,G’ < R'p,G if
(i) 0 < rk(R'p.G") < tk(R'p.G), or
(ii) 0 = rk(R'p.G") = rk(R'p.G), and len(R'p,G’) < len(R'p.G),
where len(—) is the length of a 0-dimensional sheaf.
Lemma 2.9. (i) For all T € Coh(X)
R'p, LT = R'p, T
(ii) There is a short exact sequence
0 — R'p. L7 (T) — p L (T) = pt*(T) = 0.
(iii) For all G € Coh(W), LFi*1,G = 0 for k # 0,—1 and
LW,G=wy G, ",G=G.

Proof. There is a spectral sequence
Byt = RFp HY(LT) = RFp, LT .
Since dim(p) = 1, the only non-vanishing term contributing to R'p, L.*T

is R'p,.*T and the differentials vanish. The second statement follows
analogously. The third assertion follows from *Ox(—W) =wy,. O
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Lemma 2.10.

(i) If t,G € F, then p,G =0,
(ii) if t.G € A<y, then Rp,(G) € Coh(C).

Proof. If p.G # 0 we may choose a sufficiently ample L € Pic(C)
and a non-zero section LY — p,G. By adjunction we have a non-zero
p*LY — @. This contradicts (.G € F because Rlp,p*LY = 0, i.e.
Lp LY € T. The statement (ii) follows from (i) and the definition
of T. O

Lemma 2.11. (i) For all G € Coh(W)

rk(R'p.(0,(1) ® G)) < rk(R'p.G),

with strict inequality if rk(R'p,G) > 0. In that case

rk(R'p.(wyy ® G)) < tk(R'p.G).
(i) If rk(R'p,G) = 0, then
dim (R, (0(1) & G)) < dim(R'p,G),

with strict inequality if dim(R'p,G) > 0. In that case

dim (R'p.(wyy ® G)) < dim(R'p.G) .

Proof. The second assertion follows from the first one since
wWw = (9,,(—2) ®p*(wc ® det SV) .

(i) Denote by rj, = rk(R'p.(0,(k) ® G)). Let C; C W be the zero
locus of a section of O,(1), thus Cj is a section of the projection p. For
all k € Z there is a sequence

Opk—1) @G = Op(k) @ G —= O¢, (k) @ G — 0.
Thus, ry < r,_1. The Euler sequence on W implies
det(EY) @ R'p.(O,(k —2) ® G) = €Y @ R'p.(0,(k — 1) @ G)
= R'p.(0,(k) @ G) =0,

thus rp,_o — 2rp_1 + 1, > 0. If 7oy = ri_o, then r, = rr_1, thus
r, = 1o > 0 for all £ > 0. This is a contradiction since O,(1) is p-
ample and so 1, = 0 for k£ > 0. For (ii) The proof is the same, with
rank replaced by the length of 0-dimensional sheaves. O

Recall the sequence from Section 2.1

0L =& — Ly, —0.
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Let g be the genus of C' and define
k- = —g+ min{0, deg(L;),deg(L2)} — 1,
ky = —g + max{0,deg(Ly),deg(L2)} + 1.
We have the following technical lemma which we will apply multiple
times.
Lemma 2.12. Let 0 # .G € A<;. There is a line bundle L € Pic(C)
and a non-zero morphism K — G with
K=0,-1)®p"L, or K =w,®p"L[1].
If Rp.G # 0, we may choose L such that
x(G
(©) <X
max{rk(Rp.G), 1}
If Rp,.G = 0, we may choose L such that
X(L) = x(G®0,(1)) — 1.

Remark 2.13. Note that if t,G € T<y, then K = O,(—1) ® p*L
because

X(G)

k_ .
i max{rk(Rp.G), 1}

(L) < ky +

Hom(F[1],T) = 0.

Proof. Recall that Rp.G € Coh(C) is a sheaf by Lemma 2.10, in par-
ticular rk(Rp.G) > 0. First, assume that Rp.G # 0. Let M € Pic(C)
with

rk(Rp.G) deg(M) < x(G),
then by Riemann—-Roch

HY(C, M" @ Rp,G) #£0.
We may choose M so that deg(M) is the nearest integer to

X(G) a
max{rk(Rp.G), 1}

Note that when rk(Rp.G) = 0 we must have x(G) = x(Rp.G) > 0
since Rp,G € Cohy(C).

Now we can use the Euler sequence on W which yields an exact
triangle in A<:

O,(-1) @p" (Y@ M) = p*M — w, ® p"M[1].
Since Hom(p*M,G) = H°(C, MV @ Rp.G) # 0, we find
Hom(O,(-1) @ p* (€Y @ M),G) # 0, or
Hom(w, ® p*L[1],G) # 0.
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In the latter case, set K = w,@p*M[1] and L = M. In the former case
we can use the sequence

0L =& = Ly,—0
and argue as above, i.e. we can set K = Oy(—1)® L; ® M and L =
L;® M fori=1ori=2. Since x(M) = deg(M) + 1 — g, we find in
all three cases the bound stated for x(L).

Now assume that Rp,(G) = 0, thus G € T is a sheaf. If G # 0, we
may choose a section j: Cy — W in the linear system |O,(1)|, such
that j*G # 0.There is an exact triangle

G = G 0,(1) = jLj* (G @ Oy(1))
and, since Rp.(G) =0,
P+ (G ® 0y(1)) = pjLj* (G ® Oy(1))

By Lemma 2.9, the latter surjects onto p,j,j*(G®O,(1)) which is non-
zero since Cj is a section of p. Now apply the first part to G ® O,(1)
to obtain a non-zero p*L — G ® O,(1) and twist by O,(—1). O

2.7. Support (proof of Theorem 2.2).

Lemma 2.14. For all T € T there are 7", 7" € T and an exact
sequence
0T —-T—=T"—0,

such that

(i) T € Coh<y (X) and *T" € Cohg(W),
(ii) supp(T")rea C W.

Proof. Let supp(T)yeq = ZUW' with W C W, dim(Z) <1 and ZNW
empty or O-dimensional. By a standard argument, we can find such a
sequence with supp,.4(7") C Z and supp,.4(T") C W, see e.g. [The,
Tag 01YD]. Then, 7" € T is immediate from the definition and 7" € T
since T is closed under quotients. O

The rest of this section concerns sheaves with set-theoretic support
contained in W. Given full subcategories C; C D?(X) we denote by
<{Ci}i>ex the smallest extension-closed subcategory of D?(X) contain-
ing each C;.

Proposition 2.15. Let T € T, F € F, and B C W be a fiber of the
projection p. Then,
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(i) If supp(T)rea € W, then T € (T N1, Coh(W)) _,
(ii) if supp(T)yea C B, then T' € (T N .Coh(B))_,
(iii) F e (Fn L*COh(W)> o
(iv) if supp(F),ea C B, then F € (F N1, Coh(B))

ex’

Proof of Proposition 2.15 (i), (ii). Let T" € T with supp(7T),eq C W,
then there is an exact sequence

0—=T =T — 1T —0,

with 7" a quotient of T"® Ox(—W). Note that t..*T € T as it is a
quotient of 7. It follows from Lemma 2.11 that T ® Ox(-W) € T,
thus 7" € T. The sequence implies ch*(7”) < ch”(T"), see Notation 2.7.
Since ch®(7T") = 0 if and only if "= 0, we conclude by induction.

The analogous argument proves (ii). By (i) we may consider sheaves
1:G € T with supp(G),eq C B. Let j: B < W, then we have an exact
sequence

0—-G —G—j4.7°G—=0,
with G’ a quotient of G ® Ow (—B). Since 1,(G ® Oy (—B)) € T we

can conclude as above. O

For the proofs of (iii) and (iv) we require the following results. Recall
the Notation 2.8.

Lemma 2.16. For all FF € F there are F', F” € F and an exact
sequence
0—>F - F—F' —0

such that

(1) Fl/ o~ L*L*F”,
(ii) R'p.*F = Rlp.*F",
(iii) R'p,(t*F") < R'p.(v*F).

Proof. Consider the restriction F' — ¢,*F and the decomposition
0T —,'F—F"—0

obtained from the torsion pair (7 ,F). Since F is closed under sub-
objects, we obtain the desired sequence of sheaves in F. Property (i)
follows since F" is a quotient of ¢,.*F'. For (ii) note that *F = t*1,.*F
and, as consequence of the definition of the torsion pair (7 ,F), the
map t,..*F — F” induces an isomorphism on R'p,.*
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For (iii) we consider the pullback L.* of the sequence and apply Rp.
to obtain

p. LU F" — RYp F — Rp.*F — Rp. . F" — 0.
The last map is an isomorphism, thus the first one must be surjective.
By Lemma 4.3, p,.*F” = 0 and by Lemma 2.9:

p L' F" = R'p (L' F") = Rl'p,(wyy @ F").
Lemma 2.11 together with (ii) implies (iii). O

Lemma 2.17. For all 1,G € F supported on finitely many fibers of p,
there exists a fiber j: B, — W and ¢,G’,..G" € F and an exact
sequence

0-G —-G—-G"—=0

such that

(i) G" = jJj*G",
(i) R'p.G ® k(y) = R'p.G" @ k(y),
(iii) R'p.G" < R'p.G.

Proof. The proof is parallel to the proof of Lemma 2.16. U

Proof of Proposition 2.15 (i), (iv). To prove (iii) we use Lemma 2.16
and induction to reduce to F € F with R'p,(t*F) = 0. But then
F e FNT,thus F = 0. The analogous argument proves (iv). O

2.8. Zero-dimensional perverse sheaves (proof of Theorem 2.2).
We use a generating set of objects with extension closure A to prove
Theorem 2.2 (i).

Lemma 2.18. Denote the fibers of the projection by B, = p~*(y),
then

(i) AN F[1] = ({Op,(k)[1] :y € C,k < =2}) _,
(ii) Ao N T = (Cohg(X),{Op,(k) :y € C, k2—1}>ex

Proof. By Proposition 2.15 (iv), Ag N F[1] is the extension closure of
shifted sheaves G[1] supported on a single fiber j: B, < W. Then
p«JxG = 0 by Lemma 4.3, thus decomposing G into a 0-dimensional
sheaf and a sum of line bundles we find that G is torsion-free and only
line bundles Op, (k) with k < —2 appear.

For (ii) use Lemma 2.14 and Proposition 2.15 (ii) to reduce to Cohy(X)
and sheaves supported on some j: B, — W. Decomposing the latter
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into a sum of a 0-dimensional sheaf and line bundles Op, (k), we must

have £ > —1. O

Theorem 2.2 (i) now follows from Lemmas 2.4 and 2.18.

2.9. One-dimensional perverse sheaves (proof of Theorem 2.2).
Let F € F. By Lemma 2.16 we may assume that F' = (.G is supported
on W. The proof of Lemma 4.3 showed that we have an injection

G—=w,pV,

where V = R'p,G. Let T be the cokernel. The inclusion induces an
isomorphism on R'p,(—), thus ¢,T € T<;. We have an exact triangle

T — G[l] - w, @ p"V[1].

To prove Theorem 2.2 (ii) it suffices to consider sheaves in 7<; and
objects of the form ¢, (w, @ p*V)[1].

Recall the functor ®: D(C') — D’(X) defined as
(V) = 1.(0p(-1) @ p*V)..
For any FE € D"(X) we have an exact triangle (A)
EY[2] = p(E) = ® o PR[1](EV]2]) .
We consider the long exact sequence of cohomology sheaves for the

standard t-structure associated to this triangle. Let H' = H° (p(E))
Property () is equivalent to

H'1eF, H' eTnA, H =0, i#-1,0,1.
Lemma 2.19. Let V € Coh(C), then
(i) p(a* (wp, @ p*V) [1]) satisfies Property (%),
(i) p(b* (Op(—1) ®p*V)> satisfies Property ().

Proof. Denote by E = 1, (w, ® p*V)[1], then
E'2] = u(p (we®VY)).
Note that V¥ = RHom(V, O¢) has cohomology sheaves
HO(VY) € Coly(C), H'(VY) € Cohy(C), H(VY)=0, i#0,1.
Then, we find that
HO(EV]2]) € T<r, HY(EY[2]) € TcinNAog, HY(EY[2]) =0, i#£0,1.
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Direct computation yields
Oa[1)(EV[2]) = p.(Op(1)) @ wo & V|

with cohomology sheaves

HO(P o PR[1(EV[2])) € T<r, H'(Po@r[1](EV[2])) € T<1 N Ao,

H (PoPp[1)(EY[2])) =0, i#0,1.
Together this proves (i). For (ii) let £ = ®(V'), then

EY[2] = 1.(0y(—1) @ p*(we @ det(EY) @ VY))[1] = ®(V[1]),

where V = we @ det(£Y) @ VY. Using ®po® = id ® we[—2] we obtain
a split exact triangle

p(E) = ®(V[2] +we @ V) — &(V)[2].
Thus, p(E) = (ID(wC ® ‘7), which satisfies

IHO(@(WC@"?)) € 7;1, Hl(q)(wc®‘7)) S 7;1 NAg,

H (D(we @ V) =0, i#0,1. O
Proposition 2.20. For all £ € Coh<;(X)NT the image p(E) satisfies
Property (x).

Proof. We decompose E with respect to the torsion pair (Ap,.4;) of
A<y. The A part is covered by Theorem 2.2 (i). Thus, assume
E e COhSl(X) ﬂTﬂAl s

in particular £ € Coh;(X). We apply Lemma 2.14 to E. First assume
that *E € Cohg(W). It follows from purity of E that L/*FE = *E.
Dualizing, we have EV[2] € Coh;(X) N .A; and

L (EY[2]) = (EY[2]) € Cohg(W).
We have the exact triangle (A)
EY[2] = p(E) — ® o ®p[1](EY[2]).
The left and right objects are sheaves in 7<i, thus p(F) € T<; as well.

[t remains to prove Property (x) for sheaves £ = (.G € Coh;(X).
Let H' = H'(p(E)), we must prove that

H'1eF, H'eTnA, H =0, i#-1,0,1.
Note that Rp,(Li*EV[2]) = p.(Lt*EY[2]) lies in DIZ10(C), thus
H (P o ®p[1)(EV[2])) =0,  i#—1,0.
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Thus, in fact H? = 0 for i # —1,0 from the long exact sequence. We
must argue that H~! € F. Note that EV[2] = 1.(GY ® wy[1]). We
have an exact sequence of sheaves

0= H ' = 0)(—1) @ . (G @ ww[1] © O)(1)) = 1.(G” @ wwl1]).
Let L € Pic(C) be a line bundle. Since Rp,Ow = O¢ we have

Hom (0,(~1) © 'L, Oy(~1) @ p'p. (G¥ @ ww[1] © O(1)))

~ Hom(L,p*(Gv ® wi[l] ® op(1)))

= Hom (0,(~1) @ p'L, 1.(G" @ ww1]))

Thus,

Hom((’)p(—l) ®p'L, %*) —0,
and H~! € F by Lemma 2.12. O
Lemma 2.21.

Ter = <Coh§1(X) nT, (ID(Cohl(C))>

ex

Proof. The inclusion “D” is immediate. By Lemma 2.14 and Propo-
sition 2.15 we know that 7<; is the extension closure of sheaves T' €
Coh<(X) with «*T € Coho(W) and pushforwards ¢.(G) € T<;. Thus,
it suffices to consider sheaves T' = 1,G. Let

To—T —1T,

be the decomposition in A4 with respect to the torsion pair (Ag,.A4;).
Since T' € Coh(X) we have Hom(F[1],T) = 0, thus

To ECOh(X)ﬁ.Ao:%.

This category is closed under quotients. Thus, replacing Ty by its
image, we may assume that 7p — T is an injection of sheaves. It
follows that T} € Coh(X) N A; = 71. We have 7y C Coh<; N7, thus
we may assume (.G € Tq.

By Lemma 2.12 there is a line bundle L and a non-zero morphism
O)(-1)®@p'L - G.

Taking the image and cokernel of this map, we obtain an exact sequence
of sheaves in T«

0— G — 1,G—1,G" =0,
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such that 0 # 1. (G") € A;. If
O,(-1)®@pL - G

is an isomorphism, then ¢, G’ € @(Cohl(C)). Otherwise, G’ has di-
mension at most one. By Proposition 4.3 (i) we have® ((:,G') > 0,
thus

0(1,G) > (t,.G") > 0.
By Proposition 4.3 (iii) we have ¢(:,G") = 0 if and only if t.G" € Ay,
so we can conclude by induction. O

Proposition 2.22. For all T € 7<; the image p(T) satisfies Prop-
erty ().

Proof. Follows from Lemma 2.19, Proposition 2.20, and Lemma 2.21.
O

Proof of Theorem 2.2 (ii). The results of this section imply that for all
E € A the image p(FE) satisfies Property (k). Let £ € A; and @ € A,.
Then, p(Q) € Ag[—1] by Theorem 2.2 (i) and, by purity of F,

Hom(p(E), Q[1]) = Hom(p(Q)[1], ) = 0.
Thus, p(E) € A<;. But then p(E) € Ay because

Hom(Q, p(E)) = Hom(E, p(Q)) = 0,
since Hom*(E, F) =0 for all E,F € A and k < 0. O

3. HALL ALGEBRAS, PAIRS, AND WALL-CROSSING

3.1. Numerical Grothendieck groups. The numerical Grothendieck
group N (X) is the Grothendieck group of D’(X) modulo the Euler par-
ing. We will tacitly use the injection into the even cohomology via the
Chern character. The class [E] € N(X) is equivalently characterised
by
(cho(E), chy(E), chy(E), x(E)) .

The numerical Grothendieck group admits a dimension filtration N<(X).
For our purposes, we define N<j as the numerical Grothendieck group
of A<j. We will only consider objects of perverse dimension < 1. Ex-
plicitly,

No=Z-b®Z-p, Nag=Z -wd N, (X),

6Here we use £(—) as defined in Section 4.2. The properties proved in Proposi-
tion 4.3 do not depend on Lemma 2.21.
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where b and w are the classes of a fiber resp. the divisor as introduced
in Section 1.1 and Ny(X) = Z is spanned by the point class p. We also
define Ny = N« /Ny and we choose a splitting

N§1 - NO @ Nl .
An element av € N<; can be written as

a=(y,¢) = (rw, 6+ jb,n)
where v = (r,8) € Ny and ¢ = (j,n) € Ny.
We will consider various generating series of DT invariants using the
Novikov parameter z of Q[[N<1]] and we use the notation

Q=20 —q=2zP, t=:

In particular, for a as above 2 = 27 (—q)™ @’.

3.2. Hall algebra. We briefly recall the notion of Hall algebras fol-
lowing [Tod6]. Let C C D?(X) be the heart of a bounded ¢-structure.
In our applications we use two different hearts:

C= <COh22[1], COh§1> and C = <A22[1],A§1> .

The first is used to define PT and BS invariants, the second is used
to define PPT invariants. Both of these hearts are open by [BCR,

Lemma 4.1] so they satisfy the technical hypothesis in [BCR, Appendix
BJ, [BR, Section 3].

The objects of C form an algebraic stack which we still denote by C
and we assume that it is an open substack of the stack M of objects

{E e D"X):Ext~"(E,E) =0} .

The Hall algebra H(C) is the Q-vector space generated by maps of alge-
braic stacks [Z — C|, where Z is an algebraic stack of finite type with
affine stabilizers, modulo some motivic relations described in [Tod6].

The Hall algebra H(C) admits a product induced by extensions and,
via cartesian products, is a module over K (St/C), the Grothendieck
ring of stacks with affine stabilizers. Equivalently,

K(St/C) = K(Var/C)[L*, (L" — 1)~ ]
where L = [A! — Spec C]. The decomposition
C= Ca

aEN(X)
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into numerical classes induces a decomposition of the Hall algebra

H(C) = P Ha(C).

The feature of most interest in the Hall algebra is the existence of
the integration map. To state this we introduce two more definitions.

We let H™8(C) C H(C) be the K(Var/C)[L~!]-submodule spanned by
[Z — C] so that Z is a variety and

H*(C) = H(C)/(L — L)H(C).

This has the structure of a Poisson algebra. The integration map maps
H*(C) to the Poisson torus

QANX) = P Q@
aEN(X)

The Poisson torus has the structure of a Poisson algebra as well. Its
bracket is defined by

{2, 2%} = (=1)X@Dy(a, ') 22+

Theorem 3.1 ([Tod6, Theorem 2.8]). There is a Poisson algebra ho-
momorphism

I H*(C) — Q[N(X)]
such that if Z is a variety and f: Z — C, — C then

1z L c)) = (/Z f*uc) 2

where v¢ is the Behrend function on the stack C.

The Hall algebra can be enlarged to the graded pre-algebra H8'(C) by
defining its generators to be [Z — X with Z being an algebraic stack
with affine stabilizers such that Z, is of finite type for every a € N(X)
(instead of asking that Z is already of finite type). One can define
analogous versions H&™&(C), H&"*°(C). The integration map extends
to

[ H&(C) = Q{N(X)}.

3.3. Pairs. We consider various notions of stable objects in D°(X)
and their associated generating series. All of them are defined via a
pair of subcategories (7, F) of either Coh<; or A<;. We consider the
categories

= <OX[1],Cth1>, - <0X[1] ,A§1>.
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Definition 3.2 ([BCR, Definition 3.9]). An object P € B or P € P3
is called a (7T, F)-pair if

(i) rk(P) = —1,
(ii) Hom(T,P) =0 for all T € T,
(iii) Hom(P, F') =0 for all F' € F.

The class of P is (—1,«) with @ € N<;. The notion of (7, F)-pairs
for fixed o defines a stack Pairs(7, F), which is of finite type in all of
our applications and defines an element in the Hall algebra (Lemmas
4.15, 4.19 and 5.1).

In Section 5 we consider BS and PT pairs which are defined in B.
Sections 6 and 7 concern pairs defined in ?P3. The categories (T, F)
arise in two ways:

(i) As torsion pairs associated to a stability function, or
(ii) in the passage of one torsion pair to another, i.e. when crossing
a wall.

In the former case, the stability function is v in Section 6 and ¢ in Sec-
tion 7. In the latter case, given two torsion pairs (7, F4) on different
sides of a wall (and sufficiently close to the wall), we consider (75, F_).
Joyce’s wall-crossing formula yields the comparison between pairs on
either side of the wall via semistable objects on W = T7_ N F,.

3.4. Joyce’s wall-crossing formula. Let (7., F.) be two torsion
pairs and W = T_ N F, be as above. When all the terms are defined,
we have an identity in the Hall algebra

(W] x [Pairs(T_, F_)] = [Pairs(T, F4 )] * W] .
The “no-poles” theorem by Joyce [Joy, Theorem 8.7] and Behrend-
Ronagh [BR, Theorems 4, 5| tells us that in adequate conditions
(L —1)log(W) € H®*(C)
and, therefore,
w=I((L —1) log(W)) € Q{N(X)}
is well-defined. The conditions that guarantee this are the following:

(i) W, is an algebraic stack of finite type,
(ii) W is closed under extensions and direct summands,
(iii) for every a € N(X) there are finitely many ways to decompose
a=aj + ...+ a, such that W, # 0.
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When all these conditions are satisfied (including the moduli of pairs
defining elements in the Hall algebra), we say that the pairs (7, Fy)
are wall-crossing material. When this happens, we have Joyce’s wall-
crossing formula which we will repeatedly use:

I((L — 1)Pairs(T3, F4)) = exp ({w, —}) o I((L — 1)Pairs(7_, F_)) .

3.5. Rational functions. In this paper we repeatedly encounter series
expansions of rational functions

f€Q(No) = Q(q, Q).

The “direction” of the expansion will play an important role, espe-
cially in the (-wall-crossing in Section 7. We make here precise what
“direction” means.

Given a non-zero linear function L: Ny — R, we say that a set
S C Ny is L-bounded if for every M € R, the set

#{ce S: L(c) < M}

is finite. Given L, we can define a completion Q[Ny|, of Q[Ny] to be
the set of formal power series
>0

cENp

such that {c: a. # 0} is L-bounded. The product of power series is
well-defined in this completion. Given a rational function f = g/h with
g,h € Q[Ny] = Q[q, Q], we say that F' € Q[Ny]y, is the expansion of f
with respect to L if hF' = g in the ring Q[Ny]y.

We briefly go over the different choices of L used throughout the
paper and clarify the statements of our results. The series PTj for
usual stable pairs invariants or BSg for Bryan-Steinberg invariants (see
Section 5) can be defined in the completion Q[Ny|, where

L(j,n)=j+en

for 0 < e < 1. The generating series of perverse stable pairs PP'T, is
defined in the completion Q[Ny|s where

d(j,n) =2n+ j.

In particular, the precise formulation of Theorem 1.2 is that PPT, is the
expansion of the rational function f, with respect to d. Theorem 1.3
is to be understood in Q(gq,@Q): the left and right hand side are the
expansions of the same rational function in different directions.
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This re-expansion in different directions is fundamental in Section 7.
There, we will introduce series pDTEY’(“’OO) that interpolate between each
side of Theorem 1.3: they will be the expansion of the same rational
function f, with respect to

La(jn) =2n+j+ L.
Hao
Note that L, for ;1 > 1 is equivalent to d and for ;1 < 1 it is equivalent
to the linear function used for PT or BS.

4. STABILITY

We use three different stability functions to define stable pairs and
study their wall-crossing;:

(i) For Bryan—Steinberg stable pairs in Section 5 we use
pt: Cohey (X)\ {0} = (=00, +00] x (—00, +00].
(ii) For perverse stable pairs in Section 6 we use
v: A<i\ {0} — (—o0, +o0].
(iii) For the BS/PPT wall-crossing in Section 7 we use
¢: A1\ {0} — (—00,400] X (—o0, +00].

We comment on (i) in Section 4.1. The necessary results about pu-
stability were proved by Bryan—Steinberg [BS] and require only mi-
nor modification for our setting. For (ii) we give full proofs in Sec-
tions 4.2, 4.3, and 4.5. We also observe in Section 4.4 that A<; and
v-stability can be obtained from a weak stability condition through a
tilting process. Finally, for (iii) we can employ the techniques used for
(ii) in a similar way to study (-stability. We briefly comment on this
in Section 4.7.

4.1. Bryan—Steinberg stability. Let Y be the coarse moduli space
of an orbifold Calabi—Yau 3-fold satisfying the hard Lefschetz condition
and let

T X =Y

be the distinguished crepant resolution [BKR, CT]. Denote by H e
Nef(X) the pullback of an ample class on Y, and let w € Amp(X)
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be ample such that w — H is ample as well. Bryan-Steinberg [BS]
introduce a function on Coh<;(X) defined as

—— X(E) X(E)
PJ (E)_ (ﬁChZ(E) ’(JJ'ChQ(E))'

They are able to prove the necessary technical results [BS, Theorem

38, Lemma 47, Lemma 51] which allow to employ Joyce’s Hall algebra
machinery. We can use the exact same pathway. Critically, we do not
require a projection X — Y, the existence of a nef class A € Nef(X)
as described in the condition ({) suffices. We then define u** by the
same formula as u™, replacing H by A. The proofs in [BS] carry over
to our setting where a projection m does not necessarily exist:

Proposition 4.1 ([BS]). The slope u# defines a stability condition on
Coh<;(X). Moreover, the moduli stack of zi-semistable sheaves /\/l’(‘ ; n)
is a finite type open substack of the moduli stack M parametrizing
perfect complexes E € D(X) with Ext<(E, E) = 0.

Proof. As we pointed out already, the proofs of Theorem 38 and Lemma
47 carry over verbatim to show that p? is a stability condition and
that the family of sheaves in ./\/l“ 5.y 18 bounded. The fact that M“

is a finite type open substack of ./\/l then follows from [Todl, Theorem
3.20]. O

4.2. Nironi stability. Recall the nef class A € Nef(X) and ag € Z~q
such that t*A is numerically equivalent to agb. Let g be the genus of
the curve C. For E € A<y with

(chi(E), chy(E), x(E)) = (rw,,n)
d(E)

define the slope v: A<;\ {0} - QU {+o0} as v(E) = @

, Where

A(E) =r(1—g) +2n— Jw-5,
UE)=2A-F+rap.
Note that for G € Coh(W), by Grothendieck—Riemann—Roch
A - chy(1,G) = agtk(Rp.G) .

In the crepant case, the class A can be taken as the pullback of an
ample class from the coarse moduli space Y and the stability matches
the notion of Nironi’s slope stability [Nir] on Coh<(Y).
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Recall that Nironi’s slope stability is defined in the analogous way,
using a self-dual generating bundle V' and the modified Hilbert poly-
nomial

pe(k) = x(V,E ® Ox(A)*) = {(E)k + d(E).

Our definition resembles this notion replacing V' by the p-invariant K-
theory class of Ox @ Ox(W/2) and replacing the Euler pairing by the
Mukai pairing.

Example 4.2. To illustrate v for zero-dimensional perverse sheaves,
consider a skyscraper sheaf k(x) and the perverse sheaves Op(—2)[1]
and Op(—1) supported on a fiber B = p~!(y). In the crepant case,
these objects correspond to a non-stacky point, and the stacky points
O,f and O} respectively [BCY, Section 4.3]. In all three cases £(—) =0
and the computation for d(—) is

d(k(z)) =0+2-0=2,
d(Op(=2)[1]) = —d(Op(-2)) = —(0—2+1) =1,
d((Op(~1)) =0+0+1=1.

Proposition 4.3.

(i) For all T" € T set-theoretically supported on W we have
¢(T) > 0, with equality if and only if T" € 7.
(ii) For all F' € F<; we have ((F) < 0, with equality if and only if
F e F.
(iii) For all £ € A<y we have ¢(E) > 0, with equality if and only
if £ € Ay. In that case, d(E) > 0,
E=0.

with equality if and only if

Proof. For (i) and (ii) we may apply Proposition 2.15 and assume that
T and F' are scheme-theoretically supported on W, i.e. we consider
pushforwards ¢,G with G € Coh(W).

(i) Let t.G € T<;. Since R'p.G = 0 we have rk(Rp,G) > 0, thus
both summands of ¢(¢,G) are non-negative, and ¢(:,G) = 0 if and only
if r =0 and A - chy(¢t.G) = 0, thus .G € To.

(ii) Let t,G € F. We claim that r < rk(R'p.G). Let V = R'p.G
and consider the map Rp.G — V[—1] which lifts to G — w, @ p*V.
Let Ker and Im be the kernel and image, i.e.

Ker = G = Im.
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Since F is closed under subobjects, Ker € F. Since Im C w, ® p*V we
have p,Im = 0. The isomorphism

R'p.G=V
factors through R'p,Im. We find that Rlp,Ker = 0, thus
LwKere FNT =0
and G < w, ® p*V must be injecive, which implies r < rk(R'p,G) by
comparing ranks. Since p,G = 0 by Lemma 4.3, this implies
0(1.G) = —2a9tk(R'p.G) +rag < —agrk(R'p,F) <0.

From this we get (1.G) = 0 if and only if tk(R!'p,G) = 0 and then
r =0, thus (,G € Fy.

(iii) By Lemma 2.14, Proposition 2.15, and (i)-(ii) it remains to con-
sider £ € Coh<(X) such that *E € Coho(W). Then, by condi-

tion ()
((E) =2A-chy(E) >0,

with equality if and only if chy(E) € Z>o - b. Since w - cha(E) > 0,
whereas w - b = —2, we must in fact have chy(E) = 0, i.e. E is a
0-dimensional sheaf.

For the positivity of d(—) on Ay we may use Lemma 2.18. If F €
Cohg(X) then d(E) = 2x(E) > 0. Moreover, we can compute directly

d(Op(k)) =2k +3 > 0 for k> —1
d(Op(k)[1]) = —(2k +3) > 0 for k < —2. O

Proposition 4.4. The slope v defines a stability condition on A<;:

(i) v satisfies the see-saw property,
(ii) Harder—Narasimhan filtrations exist.

Proof. The proof of the see-saw property is standard, so it is enough
to prove that A<, is v-Artinian.

Suppose that £y O Ey O ... in A<;. Then ((E;) is a decreasing
sequence bounded below by 0, so it must stabilize. Thus, for large
enough i the cone C(E;y; — E;) € A must be in Ay so v(E;yq) <
v(E;). d

Proposition 4.5. The slope v satisfies
v(p(E)) = —v(E), v(E®Ox(A))=v(E)+1.
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Proof. The equality K(p(E)) = ((FE) is clear since A-b = 0. Using
Proposition 2.6 and w - b = —2 we have

A(p(E) = r(1 —g) ~ 20— Jw- (5+ (w5 — (2 2)r)b)
:—r(l—g)—2n+%w-5:—d(E).

For the second equality, a computation using A% - w = 0 shows that
((E®Ox(A)) =UE), dE®Ox(A)=dE)+(E). O

Definition 4.6. An object £ € A< is called v-stable (resp. semistable),
if for all non-trivial subobjects F' — E in A<; we have v(F) < v(E)
(resp. v(F) < v(E)).

The following lemma will be useful in Section 4.6.
Lemma 4.7. Let L € Pic(C), then

(i) ¢.(Op(—1) ® p*L) is v-stable of slope x(L) + 3 deg(€) + 1 — g,
(ii) ¢ (wp ® p*L[1]) is v-stable of slope x(L).

Proof. Let E be the object in (i) or (ii). Note that ¢/(E) = 1 in both
cases. From the description of Ag in Lemma 2.4 we see that E is
torsion-free in A<y, i.e. Hom(Ap, E) = 0. Let

EF - FE—E

be an exact triangle in A<;. Then ¢(E’) = 1 and ¢(E") = 0, therefore
d(E") > 0 with equality if and only if £” = 0. Thus, either v(E’) <
v(E) or E' = E. The slope v(E) is easily computed. O

4.3. Curve classes. We denote by N the image of A<; in N;. By
Lemma 2.14 and Proposition 2.15, N¢f is the cone generated by classes
[E] where E is from one of the three sets

Sl = {E € COhgl(X): UFE € COho(W)} y
Sy =T Nu.Coh(W),
Sy = (F N Coh(W))[1].
Let A C Nt be the cone generated by classes form Sy and Ss.

Lemma 4.8. For any [ > 0, the set
{red:lly)<l}

is finite.



34 TIM-HENRIK BUELLES AND MIGUEL MOREIRA

Proof. 1t suffices to prove the claim for classes [E] with E from either set
Sy or S3. Consider t,G € Sy. Recall that £(1.G) = ag (2rk(Rp.G) + 1)
and, because ¢,G € T, we have rk(Rp.G) = rk(p.G) > 0. So there are
only finitely many possibilities for r and for A - chs(2.G). Since Ny (W)
has rank 2, the map

N(W)g/Q-b-25Q

is an isomorphism, showing that there are finitely many possibilities
for chy (. G) in N1(X)/Z - b.

The argument for Ss is similar to S;. Indeed, for (,G[1] € S3
Lemma 4.3 (ii) implies that

—A - chy(1,(@)) = —aork(Rp.G) = agrk(R'p.G)

is bounded (recall that p.G = 0 by Lemma 2.10 (i)), so again there are
finitely many possibilities for both A - chy(:,G) and r. O

We say that a decomposition v = 3" ~; is effective if all »; € N¢f.

Corollary 4.9. There are only finitely many effective decompositions
of v € Nyt

Proof. Every effective decomposition of v is a sum

v=7"+"
with 7' € N a sum of classes from S;, and 4" € A. In particular, +/
is an effective curve class and ¢(7”) < {(7). By Lemma 4.8 there are
finitely many such classes v”. By standard arguments [KM2, Corollary

1.19], there are finitely many decompositions of 4 into effective curve
classes. O

4.4. Weak stability. In this section we connect v-stability to the no-
tion of weak stability in the sense of Toda [Tod2]. We obtain an alter-
native description of the category A<;. This section does not contain
any results which are strictly necessary for the remainder of the paper
and it rather serves as a comparison. In [PT2, Tod1] the authors study
the moduli problem for (weak) stability conditions on tilted hearts.
They are able to prove that the two key properties, generic flatness,
and boundedness of semistable objects are preserved, in some sense,
under a tilting process

(2,0) — (ZF,¢h.
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It seems likely that this technique can be employed to deduce the results
in Section 4.6, although we will not pursue it in this paper.

Let C<; = Coh<(X/W) be the category of coherent sheaves which
are at most 1-dimensional outside of W. This category was studied
in [Tod5] for Calabi-Yau 3-folds containing an embedded P?. The
numerical K-group of C<; is the same as that of A<

NOIZbEBZp, N§1:Z'W@N§1(X).

We can define a weak stability function Z = (Zy, Z;) associated to the
filtration

0C Ny C Ny
Let w € Amp(X) be an ample class. For £ € C<; define
Z\(E) = —U(E) +iw® - chy(E),
Zy(E) = —d(E) +iw - chy(E).
Here, d(E) and ((E) are as defined in Section 4.2. If [E] € Ny, set
Z(E) = Zy(FE), otherwise Z(E) = Z1(F). Then, for all 0 # E € C<;:

(i) Z(E) € HU R,

(ii) F admits a Harder—Narasimhan filtration.
Property (i) follows from condition (). Property (ii) holds because C<;
is Noetherian and the image of Z is discrete.”

Now we consider a tilting process
(Z,C<1) ~ (Z1,CLy).
Define the generalized slope of 0 # E € C<; as
AME) = —% € (—o0, 0] .

This leads to the standard construction of a torsion pair

Tx = (M-semistable E € C<; with A(E) > 0),

Fx = (A-semistable £ € C<; with A(E) < 0).
Define the tilt as

Cgl = <]:A[1]>7;\>7

and the function

ZUE) = —d(E) +il(E).

"We have not checked the support property for Z. It might be possible to give
a proof following the arguments in the surface case [BM, Section 4].
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Proposition 4.3 has two consequences. Firstly, the pair (7, F)) agrees
with the perverse torsion pair:

7;\ = 7;1 ) F)\ =F.
In particular, A<; = C;l. Secondly, we have for all 0 # F € A
ZI(E) e HUR,,.

Harder—Narasimhan filtrations exist by Proposition 4.4. The associ-
ated slope function of ZT is precisely v. In particular, Z'-semistability
coincides with r-semistability. Note that this resembles the standard
way to interpret slope stability on curves as Bridgeland stability [Bril,
Example 5.4], [MS]. We have obtained A<; and v-stability through a
tilting process from (Z,C<1). We do not know if this fits the general
framework of tilting process established in [PT2].

4.5. Boundedness. In this section we prove some boundedness and
finiteness results that will be needed to ensure that the moduli stacks
of v-semistable sheaves are finite type, see Proposition 4.15. This
property is necessary for the application and analysis of the wall-
crossing formula and for the proof of rationality in Section 6. For
E € A<y we denote by vy (F), v_(E) the maximal and minimal slopes
of the Harder—Narasimhan factors with respect to v-stability. For
I C RU{+0o0} denote by M¥(I) the stack of all E € A<, such that all
HN-factors have slope contained in I. If I = [§_, §.], this is equivalent
to v (F) < 0y and v_(E) > 6_. The substack MZ(I) parametrizes
all such E with fixed [EF] = v € N;. The special case I = [J,0]
parametrizes v-semistable E of slope J and is denoted MY (J). The
substack M{_ , C MY(J) corresponds to a fixed class (v,¢) € N

(1:) =
We write cg to denote the class of [E] in Nj.

Proposition 4.10. Let I C R be a bounded interval and E' € M ().

There exists a finite subset S C Ny depending on v and [ such that
cg € S, if one of the following holds:

(1) E e COhSl(X) with *F € COho(W),
(i) E = w.'E.

Proof. (i) In the first case, chy(E) € N{T(X) is an effective curve class
with residue v € Nff. The class v + jb is effective only for finitely
many negative values of j. On the other hand, note that for any E €
Coh<y(X) with «*E € Coho(W) we have che(F) -w > 0. If j > 0,
then w - (v + jb) < 0, since w - b = —2. Thus, j must lie in a bounded
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interval, so we have finitely many curve classes chy(E). Recall that by
definition of v(E) we have
1 1
X(E) = §(€(E) -v(E) + oW chy(E)) .

Since v(E) € I, also x(FE) lies in a bounded interval.

(i) Let I C [0_,04+] and G = *E. We first prove that x(F) is
bounded below. For this we may assume x(£) < 0. By Lemma 2.9 we
have Rp.(G) € Coh(C) and also

X(E) = x(G) = x(Bp.G).
Let L € Pic(C) with
rk(Bp.G)(x(L) +1 = g) > x(G),
We may choose x(L) = x(G) + ¢g. Then by Riemann-Roch
0# H'(Rp.G ® LY ® we) = Hom(Rp,G, L).

The latter is isomorphic to Hom(G, w, ® p*L[1]) by adjunction. The
object ¢, (w, ® p*L[1]) is stable by Lemma 4.7, with slope x(L). Since
v_(F) > 6_, we must have x(G) > d_ — g.

Now we prove that y(F) is bounded above. For this we may assume
X(E) > 0, in particular Rp,G # 0. By Lemma 2.12 we obtain L €
Pic(C) with

X(G)

x(G)
max{rk(Rp,G), 1} =X

max{rk(Rp,G), 1}

ko + (L) < ky +

and a non-zero morphism K — G with
K=0,-1)®p"'L, or K =w,®p"L[1].

The object 1, K € A< is stable by Lemma 4.7, with slope
1
v(eK) = x(L) + 5 deg(€) +1—g, or v(uK) = x(L).

Since £ € MY(I) it follows that v(K) < ;. But if x(G) > 0 we get
X(L) > 0 (recall that agrk(Rp.G) = A-chy(E) only depends on ) and
thus v(K) > 0, a contradiction.

We conclude that x(G) is bounded. By the same argument as in (i),
since v(E) = d(E)/((E) € I is also bounded we can show that there
are only finitely many possibilities for j in chy(F) = 5 + jb, finishing
the proof. O
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We can now prove the boundedness of certain families of objects
in A<;. The underlying notion of sheaf of ¢-structures is established
in [AP] which we apply to the heart of perverse t-structure A C D°(X).
For a discussion of bounded families see [Todl, Section 3]. We will
repeatedly use the following useful result [Todl, Lemma 3.16] which
relies on the finite dimensionality of Ext’-groups.

Lemma 4.11. Let S; be sets of objects in D®(X) for i = 1,2,3 such
that Sy, S5 are bounded. Assume that for any object F3 € S3 there
are F; € §; for 1 = 1,2 and an exact triangle

E, — E3 — F5.
Then, &3 is also bounded.

First, we consider the family of zero-dimensional perverse sheaves.

Lemma 4.12. Let D > 0 and S be the family of £ € Ay with
d(E) < D. Then, S is a bounded family.

Proof. By Lemma 2.18, every E € Ay admits a quotient £ — @ in Ay
where () is one of the following objects:
k(z), Op,(k—1), Op,(=k—2)[1].

Here, © € X is a point, B, = p~'(y) a fiber of p, and k¥ > 0. By
Lemma 4.3 we have 0 < d(Q) < d(E), in particular 0 < k < d(FE).
The family of such objects ) is bounded. We can conclude by induction
and Lemma 4.11. U

We can now prove the following result.

Proposition 4.13. Let I C R be a bounded interval and v € N;. Let
S be one of the following families of objects in MY(I):

(i) the set of E € Coh<y(X) with .*E € Coho(W),
(ii) the set of F = 1, *F.

Then, § is a bounded family.

Proof. (i) Let I C [0_,04] and let w € Amp(X) be an ample class. We
consider w-slope stability on Coh<;(X) defined by

_ X&)
po(E) = - chy(B)
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By Proposition 4.10 (i), the set of curve classes chy(FE) for E € S is
finite, so we can define

1 1
m_ = min {§W : chz(E)} , My = max {§W : ChQ(E)} .

EeS Ees

Let F' C E be a subsheaf and E — @) a quotient, then
X(F) <

X(Q) > L (1Q) -5 +m.).
Recall that Cohg(X) C 7Ty, thus E is torsion-free and w - chy(F') > 0.
By Lemma 4.3 we have 0 < ((F),¢(Q) < {(F) and so we obtain a

bounded interval J (depending only on v and I) such that for all £
as above, the HN-factors of E with respect to pu,-stabilty have slope

(L(F)- 64 +my),

— N =

contained in J. Boundedness of the family of such £ now follows from
boundedness of p,-stability [HL, Theorem 3.3.7].

(ii) Assume that F = 1,*E and denote by G = *E. By Proposi-
tion 4.10 (ii) the set of classes a = [E] € N<; for E € S is finite. Fix one
such a. We use Lemma 2.12 to obtain L € Pic(C) with x(L) > n(«)
bounded below by some n(a) € Z determined from the class o € N<;.
We have a non-zero morphism

K—dG

such that K is either O,(—1) ® p*L or w, ® p*L[1]. In both cases, K
is stable by Lemma 4.7. Let G’ be the image of this morphism in A<,
thus we obtain an exact triangle with pushforward in A<,

G —-G—-G.

Note that Hom(Ag, t,G) = 0 since t,G € M¥(I) and I C R is finite.
Thus, £(¢.G’) > 0 by Lemma 4.3. We can now bound the slopes of the
HN-factors of G’ and G” as follows. There are obvious inequalities

vy (LG < vy (1LG), v (L.G") > v_(1.G).

Since G’ is a quotient of K, we get v_(1.G’) > v(K), which is bounded
below via x(L) > n(«) and Lemma 4.7. Thus, d(:.G") = £(t.G")v(1.G')
lies in a bounded interval determined by « and then the same is true
for 1,G". We can conclude by induction on ¢(:,G) and Lemma 4.11.

The case ¢(1,G) = 0 is covered by Lemma 4.12. O
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4.6. Moduli stacks. The goal of this section is to explain the exis-
tence of finite type moduli spaces of v-semistable objects and stable
pairs. The setup is as follows.

Let A = (F[1],T) be the category of perverse sheaves defined in
Section 2 as the tilt along the torsion pair (7,F) of Coh(X). We
consider another torsion pair (7<;, F’) of Coh(X), where T<; = TNA<;
and F' = TZ;. Define the tilt

Coh'(X) = (F'[1], T<1).
Recall Lieblich’s [Lie] moduli stack M of objects E € D?(X) with
Ext<*(E,E) =0.
The stack M is an Artin stack locally of finite type.

Lemma 4.14. The stacks of objects Obj(Coh'(X)) and Obj(.A) define
open substacks of M.

Proof. In both cases, the heart is defined as a tilt along a torsion
pair. The torsion part is defined by the condition R'p,Li* = 0, see
Lemma 2.9. This an open condition in families. The torsion-free part
of the torsion pair is defined as the orthogonal complement, which is
an open condition as well. Then, also the tilt defines an open sub-
stack [AB, Theorem A.8]. O

We consider stable pairs in the subcategory
"B = (Ox[1], A<t ) C Coh(X).

It follows from the argument in [Tod2, Lemma 3.5, Lemma 3.8] that P
is a Noetherian abelian category. Note that Coh'(X), however, is not
Noetherian. Let Obj=*(?B) be the substack of objects of rank > —1,
thus the rank is either —1 or 0.

Proposition 4.15. Let I C R be an interval, 6 € R, v € Ny, and
o€ N§17 then

(i) Obj=~1(?B) C M is an open substack,
(ii) MY(I) C Obj(A<1) is an open substack. If I is bounded,
MY (I) is an Artin stack of finite type,

(iii) MY ([6, +o0]) and MY ((—o0,d]) are Artin stacks of finite type.

Proof. (i) By Lemma 4.14 it suffices to show that
Obj=*(*B) C Obj(Coh'(X))



WEYL SYMMETRY VIA SPHERICAL TWISTS 41

is open. This can be proved in the same way as [Tod5, Lemma 5.1].
An object P € Coh' of rank 0 (resp. —1) is contained in PB if and
only if det(P) = 0 (resp. det(P) = Ox) and H~(P) is torsion-free
on X \W. The openness is proved using a spectral sequence argument
as in [Tod2, Lemma 3.16].

(ii) We explain that M?(I) C Obj(A<;) is open and that the fam-
ily of objects in MY(I) is bounded, if I is bounded. It follows that
MY(I) is an Artin stack of finite type [Todl, Lemma 3.4]. By Corol-
lary 4.9, there are only finitely many effective decompositions of
in NiT. Boundedness of the family of objects in M¥(I) then follows
from Lemma 2.14, Proposition 2.15, Proposition 4.10, Lemma 4.12 and

Proposition 4.13.

Openness can be obtained from arguments of Toda [Todl, Tod5]
as follows. In [Tod5] he considers Calabi-Yau 3-folds X containing a
divisor isomorphic to P2, and the category of sheaves with at most 1-
dimensional support outside of the divisor. He studies objects in the
tilt of this category along a torsion pair and proves boundedness of
the family of semistable objects [Tod5, Proposition 5.2]. Openness is
deduced from boundedness as in [Todl, Theorem 3.20] and the same
proof can be used for v-stability.

(iii) Suppose that E € MY([d, +oc]) (the other case is analogous)
and without loss of generality § < 0. Consider the decomposition

Fy—FE— E;

of E with respect to the torsion pair (A, A;). Let v € N; be the
residue of o. Then, F; € MZ([& +00)), so for any subobject E' — E;
in A we have either v(E") <0, or

v(E') <d(E')=d(E,) —d(E,/E') < d(E) — {(F)d

d
d(a) — ()9,

IA

thus By € M ([6, max{0,d(e) — £(a)d}]) is bounded. In particular,
there are only finitely many possibilities for d(E;) and hence finitely
many possibilities for d(FEy), so the family of possible Fj is bounded by
Lemma 4.12. Using Lemma 4.11 we conclude (iii). 0

The next lemma will be useful in the combinatorical analysis of the
wall-crossing formula. Let A be the nef class of condition (). The
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restriction ¢*A is numerically equivalent to a multiple of b, thus multi-
plication by A defines a map

A-(=): Noy = Ny
Lemma 4.16 ([BCR, Proposition 7.1.(3)]). For any v € N; the image
of the set
{c€ No | M, # 0}
in the quotient
No/Z(A - 7)

is finite.

Proof. The proof is the same as in [BCR], using Proposition 4.15. O

4.7. Refined stability. Finally we introduce the last stability func-
tion that we’ll need. This stability function ¢ will be used for the
BS/PPT wall-crossing and is the analog of [BCR, Definition 8.1].

For E' € A<\ {0} define the function

C(E) = (— KLE),V(E)) € (00, +00] X (=00, +00] ,

where as before r € Z such that ch;(E) =rw. If £ € Ay we set
C(E) = (+00,+00).

We give (—o0, 00| x (—00,400] the lexicographic order. For z,y €
(—00, +00] X (—00,400] we write [z,y] and |x,y] for the set of all z
with x < 2z <y resp. x < z < y. Note that the first component
r
E)y=—-—"_
only depends on the class of [E] in Ny = N<;/Ny. For v € Ny we will
also write (1(7).

Proposition 4.17. The slope ¢ defines a stability condition on A<;.

Proof. The see-saw property is straightforward. To prove that A<
is (-Artinian, the same strategy as in [BCR, Proposition 8.2] can be
employed: by Corollary 4.9 it is enough to show that A<, is v-Artinian,
which we did in Proposition 4.4. O

Given a subset I C (—o00, +00]| X (—00, 4+00] we follow the notation
of Section 4.5, so e.g. M¢(I) is the stack of E € A<; such that all their
(-HN-factors are contained in I. To apply the wall-crossing formula to
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(-wall-crossing we will need to prove that the stacks M¢(I) are open
and (locally) of finite type.

For this, we recall the linear function L,: Ny — R defined by

Lo(c) = L(jb,n) = 2n + j + ﬁ

A set S C N is said to be L,-bounded if for each M € R,
#{ce S: L,(c) < M} < 0.

We say that a set of objects in A< is L,-bounded if its image in Nj is
L,-bounded.

Lemma 4.18 ([BCR, Lemma 8.14]). Given p > 0,m1,7m72 € R and
v € Ny, the sets

M ([, +00]) N M5 (J(—00, —00), (12, m2)])
and

M (=00, m]) N MS([(1m2), (+00, +00)])

Y
are L,-bounded.

Proof. See [BCR, Lemma 8.14]. O

Proposition 4.19. Let I C (—o0,400] X (—00,400] be an interval,
v € Ny and (p,n) € Rog x R.

(i) The stack MS(I) C Obj(A<;) is an open substack locally of
finite type.
(ii) The family of objects in MS (s, ) is L,-bounded.

Proof. Given E € ./\/lg(,u, n) we consider its decomposition with respect
to the v-HN-filtration
Es, — E — E,.
Then, both v/ = [Es,] € N{ and v — 7/ € N{ff, and we have
By € MY ([0, 400]) N MS, (J(=00, —00), (1,n)]) -

By Corollary 4.9 there are finitely many such 4/, so by Lemma 4.18 the
set of possibilities for cp_, is L,-bounded. Similarly, the possibilities
for cg_, are also L,-bounded and (ii) immediately follows.

For (i), by [Todl, Theorem 3.20] it is again enough to show that the
family of semistable sheaves in Mfmc)(,u, n) is bounded. But using the
decomposition above we have c¢g., +cg_, = ¢, so there is a finite number
of possibilities for both cps, and cg_, . It then follows from Proposition
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4.15 (iii) that the families of possible E-,, E., are both bounded. By
Lemma 4.11 we conclude that MC (u n) is bounded. U

5. BRYAN—STEINBERG

In this section we introduce numerical invariants BSg ,, that naturally
realize the quotient

PTs(q, Q)

PTO (Q7 Q)
The equation will be a wall-crossing formula between BS and PT in-

BSs(q,Q) =

variants. When X admits a contraction map X — Y as in Section 1.2
these invariants are precisely Bryan—Steinberg invariants [BS] of the
crepant resolution. Roughly speaking they count a modification of
pairs Ox — F where instead of requiring the cokernel to have dimen-
sion zero we allow it to have support in some of the fibers B.

We define BS-pairs using a torsion pair of Coh<;(X). Let
Tis = {T € Coh<1(X): Tjxuw € Cohg(X\W) and Rp..*T € Cohy(C)} .

One easily checks that 7Tgg is closed under quotients and extensions
(see [BS, Lemma 13] for the case where a contraction exists). In fact,
Tgs coincides with a previously defined subcategory:

Tes =To=AoNT.
Then, the orthogonal complement
Fps = {F € Coh<;(X) : Hom(7gs, ') = 0}
defines the torsion-free part of a torsion pair (7gg, Fgs) of Coh<;(X).

The same proof as given in [BS, Lemma 51| can be used to write the
torsion pair (7gg, Fas) in terms of the stability condition p# introduced
in Section 4.1:

(5 o). () e ).

where we used 3 to denote

- = (+00,0) € (=00, +00] x (—00, +00].

The BS numerical invariants are defined as usual via the integration
map 1. We denote by Pairs®® the stack of (7gg, Fg)-pairs in the sense
of Definition 3.2. Then, we define BSg,, € Q by the equation

I(L-1) Pairs®® Z BS, 52" -1
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We also denote

BSs(¢,Q) = > BSpijn (—0)" @ € Qllg*™", Q).

n,jEZL

5.1. Wall-crossing between BS and PT. The wall-crossing between
BS and PT invariants can be directly deduced from the discussion in
Section 3.4. Recall that the usual stable pairs are defined as pairs with
respect to the torsion pair

(Ter, Fer) = (Cohg(X), Cohy (X)).

The technical conditions required in Section 3.4 are satisfied.

Proposition 5.1. The moduli Pairsl(gﬁs’n) C M is an open substack of

finite type. Moreover, the pairs (Tpr, Fpr) and (Tgs, Fps) are wall-
crossing material.

Proof. The torsion pair (Tpr, Fpr) is clearly open. The torsion pair
(Tss, Fas) is also open thanks to the description in terms of i stability
and Proposition 4.1. By [BCR, Proposition 4.6] it follows that Pairs™®
Pairs(7pr, Fps) are open, locally of finite type substacks of M.

To show that the pairs are wall-crossing material remains to show
that W = Fpr N Tps satisfies conditions (i)-(iii) in Section 3.4. Con-
ditions (i) and (ii) are straightforward. For (iii), write oy; = (5;, n;). If
W, # 0 we must have 5; = j;b for some j; > 1 and n; > 0, so it is
clear that there are only finitely many such decompositions. O

Joyce’s wall-crossing in Section 3.4 (or [BCR, Theorem 6.10]) now
applies to show that for every 5 € N;(X)

(2) PTs(q, Q) = f(q. Q) BSp(q, Q) ,
where f(q, Q) is defined by

flg,Q) = I((L —1)log(WV])) € Qllg, Q]]

and W = Fpr N Tps = Coh;(X)N7Tps. Note that f € Q|[q, Q]] because
the support of sheaves in W C 7Tgg is a finite union of finitely many
points and fibers B. Note also that f doesn’t depend on 3, so we get

PT5(6.Q) _ PTo(4,Q)
BSs(q,Q)  BSo(q, Q)
Lemma 5.2. The only BS-pair of class (—1,0, jb,n) is the trivial pair
(Ox — 0). In particular

the relation
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Proof. The hypothesis of [BCR, Lemma 3.11], [Tod2, Lemma 3.11 (ii)]
applies to Tgs, showing that BS-pairs have the form (Ox = G) where
G € Fgs and coker(s) € Tgs. Since Cohg(X) C Tps we have Fpg C
Cohy(X), so G is a pure 1-dimensional sheaf. Since chy(G) = jb,
the reduced support of GG is a finite union of fibers B. Let Z be the
subscheme of X determined by Ker(s) = Iz. We have an inclusion
Oz — G. The closed subspace underlying Z is a union of fibers B, so
one easily sees that Oy € Tps. As G € Fgg it follows that G =0. 0O

As a consequence we get the key result of this section:

Proposition 5.3. We have

~ PTs(q,Q)

BSs(q, Q) = PTo(0.Q)

We recall that PT((g, Q) can be computed (for example by localiza-
tion on Ky, see appendix A) and is equal to

PTo(q, Q) = [[(1 - Q)27

Jj=1

6. PERVERSE PT INVARIANTS

Consider the torsion pair (A, A;) of A<; and recall the category
"B — <(9X[1] ,A§1> .

An object P € PB is called perverse stable pair, if it is a (Ag, A;)-pair
in the sense of Definition 3.2, i.e. rk(P) = —1 and

Hom(Ap, P) =0 =Hom(P, A4,).

The stack of perverse pairs is denoted by PPairs. Numerical invari-
ants counting perverse stable pairs are defined using the integration
map [ as explained in Section 3. For a« € N<; we let PPT,, € Q be the
numerical invariants defined by

I((L—=1)"PT) = Y PPT(y m 2" ()" Q7.
(v:4:m)
The fact that the integration map I can be applied to (L. — 1)?PT is
justified by Lemmas 6.1 and 6.3.

In this section, we will provide a proof of the rationality and func-
tional equation of perverse stable pairs, Theorem 1.2.
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6.1. Rationality via v-wall-crossing. For § € R we introduce the
torsion pair (7,4, F.s) on A<y by truncating the v-HN-filtation at ¢:

Tos =M"([0,+x]) ={E € A1 : E - Q #0=v(Q) >},
Fus=M"((—00,0)) ={E €A1 : 0# S = E=v(S) <d}.

Here, F — Q and S — E means quotient resp. subobject in A<;. This
family of torsion pairs depending on ¢ will describe the wall-crossing
which connects PPairs (0 — +00) and p(PPairs) (6 — —o0). We denote
by Pairs”® the stack of (7,5, Fus)-pairs as defined in Section 3.3. This
stack admits a decomposition into connected components according to
the numerical class and we write Pairsl('fc) for the stack of pairs in

class (—1,7,¢).

Lemma 6.1. Let § € R and (v,¢) € N<y. The stack Pairs(”;;fc) is a
finite type open substack of Obj=~*(?B).

Proof. An object P € Obj= '(?B) is a (7,5, F,s)-pair if and only if
three conditions hold:

(1) H(P) € T,
(i) HO(p(P)) € (Ao, p(Fus)),
(i) 1! (p(P)) = 0.

This characterization is parallel to the description of stable pairs (with
respect to torsion theories) in (Ox[1], Coh<; (X)) using the dualizing
functor [BCR, Lemma 4.5]. Instead of the dualizing functor, we use
the duality p and apply the same proof as [BCR, Proposition 4.6]. The
necessary properties of p are proven in Section 2. The first and third
properties are open by [BCR, Lemma 4.1], the second one by Theo-
rem 2.5 and Property (). O

Applying the integration morphism in the Hall algebra produces nu-
merical invariants pDTl(’fc) € Q defined by

(3) I((L—1)Pairs”®) = Y PDT{Y, 27 (—q)" Q¢ "
(v:3.m)

Lemma 6.2 ([BCR, Proposition 7.6.(1)]). For any § € R and v € N,
the set

{ce Ny : Pairs’(fc) # 0}

is finite.
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Proof. The proof is an easy adaptation of the proof of [BCR, Proposi-
tion 7.6.(1)]. O

In the limit § — +oo these invariants agree with the perverse PT
invariants previously defined.

Lemma 6.3. Let P € PB be an object of class (—1,7,¢). For § > 0
(depending on 7, ¢) we have

P € Pairs”® if and only if P € PPairs.
Proof. The proof is analogous to [BCR, Lemma 7.10]. O

We will now apply Joyce’s wall-crossing formula discussed in Sec-
tion 3.4. The next lemma states the technical conditions under which
we can use the wall-crossing formula.

Lemma 6.4. Let ¢ > 0 be sufficiently small. Then the torsion pairs
(Ty.5+e, Fuote) are wall-crossing material.

Proof. We begin by clarifying the statement and what we mean by
sufficiently small €. Fixing [ > 0, the moduli of semistable sheaves

2,(0") with ((E) < [ is empty unless 0’ € W, = ;Z. Hence, by
picking sufficiently small & (depending on [) the intersection

W = 7;,575 N fu,éJrs

restricted to objects with £(£) < [ will be precisely MY,(d). This will
suffice for the way we’ll write the wall-crossing formula.

Now for the actual proof. The stacks of pairs Pairs”*** define el-
ements in the (graded pre-)Hall algebra by Lemma 6.1. It is then
enough to show that W = M () satisfies conditions (i)-(iii) of Section
3.4. Condition (ii) is obvious and condition (i) is proven in Proposition
4.15. For (iii), let a; = (v, ¢;). By Corollary 4.9 there are finitely
many possibilities for each v;. It also follows from Proposition 4.15
that for fixed d,; there are only finitely many ¢; so that MY | (d) is

(vi»ci)
non-empty. O

By the previous lemma, we can define the invariants JY for o« € N4
by counting semistable perverse sheaves with respect to the slope v:
(4) I((L - 1)log (M¥(8))) = > Juz"

V(o) =6
The J-invariants are analogous to Toda’s N-invariants in the proof of
the rationality of stable pairs generating functions.
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The wall-crossing formula between ?PT and PDT"% ig

(5) PPT4t'= I  exp({J<(6).-}) | PDTL ¢
§eWN[d0,+00)
Here the subscript < [ means we're restricting the generating functions
to the classes a € N<; such that ¢(«) < [. Moreover,
Wi= 12
is the set of possible walls since ¢(a) < [ implies v(a) € W.

Remark 6.5. In the wall-crossing formula (5) the wall-crossing terms
interact, i.e. {J(0),J(d')} might be non-trivial. In the usual proof of
rationality of PT generating series or in the BS/PT wall-crossing this
phenomenom doesn’t happen because the wall-crossing terms are at
most 1-dimensional, and x vanishes when restricted to Coh<; x Coh<;.
However, that’s no longer the case in A<; x A<y due to the presence
of surface-like objects. In particular we don’t get a product formula
for wall-crossing similar to Proposition 5.3. The same phenomenon
already happens in [BCR].

6.2. Combinatorics of the wall-crossing formula. Expanding the
right-hand side of the wall-crossing formula (5) and extracting the co-
efficient of 27¢t~! we get the following expression for the perverse PT
invariants in class v € N;. The generating series
(6) PPT, =) "PTum ()" @ =) ..

Jmn
is a sum over a set of choices described by an integer m € Zs(, and
classes aq,...,; = (Vi,¢i)y .-y € Nop and o = (7/,¢) € Ngy,
satisfying the following conditions:

(1) v=7"+ 2207

(ii) do < v(ag) < ... <v(om),

(i) J¥ # 0,

(iv) DT £ 0.
We now use the boundedness results to analyze this sum. First, con-
ditions (iii) and (iv) imply that ;,7 € N¢f. Together with condition
(i) and Corollary 4.9 it follows that there is only a finite number of
possibilities for 7;,+’. Lemma 6.2 also tells us that there is only a fi-
nite number of possibilities for o/. Finally, Lemma 4.16 says that after
we fix ¥1,...,%n there are finitely many possibilities for the classes



50 TIM-HENRIK BUELLES AND MIGUEL MOREIRA

ki = [ci] € No/Z(A - ;). Since twisting by Ox(A) induces an isomor-
phism

Ml(/'n,ci) = Ml(j’Yz‘,CiJrA-%) ’
it follows that J("%Ci) depends only on ~v; and the class x; = [¢;], so we
write J// =J/

(virki) (virei)
Due to the combinatorical factor in (6) we also introduce the set J
tracking which of the inequalities in (ii) are strict:

J={ie{l,...om—1}:v() =v(a)}.
We group the terms in the right hand side of (6) in finitely many groups
according to the data & = ({v;}i, {ri}i, 7, ¢, T). Since
v(vi,ci+A-v) = v(vi ) + 1,

given a group & we can chose a minimal set of representatives ¢! € x;
such that

o Svim, ) <do+1, v(vic) <v(Yigr, i) <v(vi,¢) +1.
Then we organize equation (6) as
(1) PPT, =3 AE) S Belh,... ky) 2T

3 (k1,eskm )ES 7

where the first sum runs over the finitely many possible groups and the
second sum runs over the set

Sg={(k1<...<kp) : ki=ki1eicT}.

Since B¢ is a quasi-polynomial of period 2, the rationality of PPT,
follows from [BCR, Lemma 2.21].

6.3. Functional equation. After we have established the rationality
part of Theorem 1.2, we turn to the functional equation. For this, the
duality p introduced in Section 2.3 plays a crucial role.

Lemma 6.6. Let 6 € R\ Q. Then
p(Pairs”’a) = Pairs” ™’ .
In particular,

DT’ =PDTY 5.

Proof. The lemma is proven exactly as in [BCR, Lemma 7.4], replacing
Coh(Y) by A and DY by p. The properties of p needed for the proof
are Theorem 2.2 and Proposition 4.5. U
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Lemma 6.7. Let v € N;. We have
lim deg (PPT., —PDT*?) = —oo.
som g( g 5 )

Proof. We consider the wall-crossing equation (7) with § = ;. Note
that the terms in (7) with m = 0 (that is, in groups & = (0,0,~, ¢, 0))
give precisely pDT:"S, so we may express the difference PPT, — pDT:’5
as the sum on the right-hand side of (7) restricted to m > 1. Thus we
have

deg ("PT, —*DT%") < max (d(c’) + Z d(c?))
i=1

where the max is taken over the groups £ with m > 1. Summing d(7)
to both sides

deg ("PT, —?DT%") + d(v) < mex (d(% d)+ Y d, C?)) :

i=1
By the minimality of ¢! we know that d(v;,?) < &y + 4, and therefore
we get the bound

1
deg ("PT, — pDT:"S) +d(y) < max (d(”y’, ) + mdy + %) :

Now taking § — —oo gives the desired limit. O

By Lemmas 6.3 and 6.6, for any o € N<; and sufficiently small § we
have PDT%? = PPT (). Thus, we have

PDT*®° = lim PDT%’ = lim ?DT%’
« d——o00 « §——+oo p(a)

="PTpa) -

Here, p(a) denotes the action on cohomology induced by p determined
by Proposition 2.6. One can write this action as p(v,¢) = (v, py(c)),
where for each v = (rw, 8) the involution p,: Ny — Ny is

po(jb,n) = ((—=j +w- B —(2—2g)r)b,—n).

We write the previous relation between PDT"” ™ and PPT as an
equality of generating functions for v € Ny:

DT = 3 PDTE 2= 3 PP T3 = oy (PT5).
ceNg c€Ng

It follows that PDTZ ™ is the expansion of a rational function in
Q[q, @]_4- On the other hand, by Lemma 6.3

. v,—00 v,0\ __
611)13100 deg (JDDTV —DTY ) = —00
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and, together with Lemma 6.7, we have an equality of rational functions
PPT, ="DT,> = p, (pPTV) )
This finishes the proof of Theorem 1.2.

7. BRYAN-STEINBERG VS. PERVERSE PT INVARIANTS

In this section we will prove the wall-crossing between the Bryan-—
Steinberg invariants and perverse PT invariants. Together with the
BS/PT wall-crossing of Section 5, the output of this section is a proof
of Theorem 1.3.

We will use the stability condition ¢ defined in Section 4.7. The
wall-crossing is entirely analogous to [BCR, Section 8], where Bryan—
Steinberg pairs are compared to orbifold PT pairs to prove the crepant
resolution conjecture. For us, matters simplify and it is worth to point
out how exactly.

The stability ¢ leads to torsion pairs (7¢ (), F¢,(un)) o0 A< labelled
by (1,m) € Ryp x R. These are defined analogously to (7,4, F.s) in
Section 6.1, by truncating the (-HN-filtration. We consider the stack
Pairs® " of (T¢.(um)> Fe () )-Pairs in

"B — <(9X[1],A51>
in the sense of Definition 3.2.
Lemma 7.1. Let (1,7) € Rop x R and (v, ¢) € N<;.

(i) The stack Pairs?;(”i )’") C Obj=~!(?B) is an open substack of finite
type.
(ii) The family of objects in Pairsf/’(“’”) is L,-bounded.

Proof. The same strategy of [BCR, Proposition 8.16] can be employed
to prove the result from Lemmas 4.18 and 6.1 and Proposition 4.19. [J

We define numerical invariants
¢ (ko)
DT € Q
as we did for pairs defined using v in Section 6, see equation (3).

The notion of (u,n)-pairs is locally constant. More precisely, for
fixed v € N; there is a finite set of possible walls V,, such that stability
is constant on

(Roo\ V) x R.
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The limit 0 < p < 1 coincides with BS-pairs, the limit 4 — +oo
coincides with perverse stable pairs. Crossing a wall p € V, leads to
a wall-crossing formula. This wall-crossing is controlled in a concrete
way. There is precisely one effective class 0 < 7/ < 7 characterized by
L,(A-~") =0, where as before

, S
L,(j,n)=2n+j5+ —.
i) =
The asymmetry of n and j in this formula hints at how varying u
separates BS from perverse PT (see Example 7.2 below). Recall that
L, is the same linear function introduced in Section 3 that controls the
expansion of the rational function.

Then, to cross the p-wall, it is possible to enter the wall from either
sides because for 0 < ¢ < 1 we have

PairsS:#£em — Pairss: (#Eo0)

The wall-crossing inside {u} x R is similar to the v-wall-crossing in
Section 6. The combinatorics is controlled in the same way.

Example 7.2. We include an illustration of the wall-crossing for the
limit © — 0F. Let B C W be a P'fiber of the projection. Since
x(Op(—1)) = 0, the class b of the ruling is identified with the K-
theory class [Op(—1)]. The linear function L, specifies which classes
in Ny are considered effective. Recall the structure sheaves k(z) of
points in X and the perverse sheaves Op(—1) and Op(—2)[1] in Ap.
Their K-theory classes are

[k(2)] =p, [Op(=1)] =b, [Op(-=2)[1]] =p—b.

Both p and b satisfy L, > 0 for all ;1 > 0, i.e. both classes are consid-
ered effective at all times. In contrast to that, the class of Op(—2)[1]

(considered effective for perverse stable pairs) satisfies

Lup—b)>0, pu>1,
L p—b)<0, 0<pu<l.

The limit ¢ — 07 serves the purpose to exclude all such perverse
sheaves (two-term complexes in Ag) from being considered effective.
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The picture displays two lines {L,, = 0} in Ny = Z?. For u>> 1 (green
dotted line) the class p — b is effective, i.e. contained in {L, > 0}, for
0 < p < 1 (blue dotted line) it is not.

7.1. Walls. Let v € Nj. Define the set of possible walls

V,={G():0<y <y} NRsy.
The stack Pairsg’(“’") is constant on (]R>0 \ Vv) x R.

In the following, when p € (]R>0\V7) we let n € R arbitrary. Crossing
a wall © € V,, is controlled by the linear function L,. The basic reason
is the following relation between L, and (;:

LA ) = da-a) (1-420),

Lemma 7.3. There is, up to scaling, a unique class v, such that
0 <7, <vyand L,(A-~,) = 0. The class A -+, € Ny is uniquely
characterized by this property.

Proof. The proof is a simplified version of [BCR, Lemma 8.21].8 O

Example 7.4. We illustrate the previous result for W = P! x P! with
projection p: W — P!, Let B and C be a fiber resp. section of p and

b=[B], c=|[C]

8In [BCR] the authors choose a very general ample class to define the stability ¢
and function L. This choice is not necessary for our application because ch;(F) €
Z-w for all [E] € N<y and chy(E) € Z - b for all [E] € Np.
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their classes in N;. Consider the class v = c—b € Nj. It is an effective
class:

v = [Ow(-2C — B)[1]] + [Ow(-C —2B)].
The two objects are contained in F[1] and T<; respectively and the
sum gives rise to the effective decomposition
Y= (_W7C) + (Wa _b> :
Recall the line bundle A and ¢(r, 3) = 2A - B+ r ap. We have

G(Ow(—20 — B)1])) =~ =

2@0 — Qg

{2}

The unique class 7, is [Ow(—2C — B)[1]] = (—w,c) and

Qo

and there is only one wall

A")/# = (—ao,(lo) € Ng.
The linear function L, uniquely specifies A -, as
>0, u'>g,
LM/(A"Y,M) :Oa M/:iv
<0, W< % :
Correspondingly, the class A -, = ag[Op(—2)[1]] € No is considered
effective in the expansion of the rational function with respect to L, for
w > é (PPT pairs), whereas it is non-effective for p' < i (BS-pairs).

7.2. Limit stability I. We identify the limit of (u,n)-stability for
0 < pu < 1 with BS stability. First, we can give an explicit description
of the limit of the torsion pair for 0 < p < 1.

Definition 7.5. We define the torsion pair (7¢, F¢o) in A<; by
To={Ec€Aq :E—>»Q= Q€A orch(Q) € Zy- w}
and the orthogonal complement F¢ o = 7.
It is straightforward to see that the pair (7¢ 0, F¢o) is the limit of

(T¢.um)s Fe (um) when g becomes very small, in the following precise
sense:

Lemma 7.6. Let P € PB of class (—1,7,¢) and 0 < g < min V,,. Then,
Pis a (T, Fep) pair if and only if P is a (7¢ ), Fe,(un)) PaIr.
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Lemma 7.7. We have

Proof. We begin by proving that (F[1], 76>ex C T¢o. We first note that
we can write

A< = (F[1, Tzr) =(F[1], To, Ti) = ((F[L], To)ex: T )

SO <]—" 1], 76>eX is closed under quotients. Hence it is enough to show
that if £ € F[1] or E € Ty then E € Aj or chy(E) € Zy-w. For
T € Ty this is clear. If F[1] € F[1] then chy(F[1]) = rw with » < 0
and equality if and only if F' € Coh<;(X). So it remains to show that
if '€ F and ch;(F) =0 then F € Fy, i.e. F N Coh(X) = Fo.

We let F' € F N Cohy(X) and, by Lemma 2.14, may assume F is
scheme-theoretically supported on W. If there is a fiber B = p~!(y)
such that supp(F) N B is 0-dimensional and non-empty then p,F ®
k(y) # 0 contradicting Lemma 2.10 (i). Thus, supp(F') is a finite
union of fibers B, so F' € Fy proving the claim.

For the inclusion T¢o C (F[1],70),, let E € T¢o and consider the
decomposition of E with respect to the torsion pair (F[1], T<1) of A<;:

0—F[l] = E—-T—0.
Since chy (T") € Z>o-w, by the definition of 7¢ o we have T" € TNAy = To.
This finishes the proof of the first equality T¢ o = <]—" 1], 76> . The

ex

second equality follows from the first one by taking orthogonal com-
plements in A<;. O

Recall that 7o = 7 N Ay = Tgs, so in particular Tps C T¢. The key
result of this section is:

Proposition 7.8. Let P € D’(X) be such that ch;(P) = 0. Then P
is a (7¢ 0, Fepo)-pair if and only if P is a (Tgs, Fps)-pair. In particular,
for any € Ni(X) and 0 < g < min V3 we have

rDT"" = BSg.
Proof. We begin with the proof that if P is a (7gs, Fps)-pair then it

is a (7¢,0, Fco)-pair. If P is a BS-pair, by [BCR, Lemma 3.11], [Tod2,
Lemma 3.11 (ii)] we can write P = (Ox > F) with

F e Fgs, @ =coker(s) € Tps=ToC A<.
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We first prove that F' € A<y, so P € PB. If Z is the scheme-theoretical
support of F' (which is a curve), we have the short exact sequence of
sheaves

0=>0;,—>F—>Q—0.

Since both Oz and @ are contained in A<, which is closed under
extensions, it follows that F' € A<;. Moreover for T' € T¢

Hom(T, P) = Hom(T, F) = Hom(H"(T), F) = 0.

The last vanishing holds because H°(T) € Ty = Tps by Lemma 7.7 and
F € Fgg. Similarly, for G € F¢p,

Hom(P,G) = Hom(Q,G) =0

vanishes since ) € Tgs C T¢o. So we conclude that P is a (7¢0, F¢o)-
pair.

We now assume that P is a (7¢, F¢o)-pair with ch; (P) = 0. Since
P "B = (Ox1], F1], T ).

H~'(P) has rank 1, H°(P) has rank 0, and H'(P) = 0 for i # —1,0.
Moreover, the torsion part T — H~*(P) is in F, so T[1] € F[1] C T¢,.
By definition of (7¢ o, F¢o)-pair the composition

T[] = H'(P)[1] - P
vanishes, forcing T' to vanish. Thus H~!(P) is torsion-free. By Lemma
7.7 we have
HO(P) € Teo N Coh(X) = Ty = Tss.
In particular it follows that

chi (H™(P)) = chy (H°(P)) — chy(P) = 0.

Hence H~!(P) is a torsion-free, rank 1 sheaf with trivial determinant,
hence it is an ideal sheaf H™1(P) = Io. So P fits in an exact triangle

Ic[l] = P — H(P).
Using the argument of [Tod2, Lemma 3.11 (ii)] with the fact that
H'(X,H°(P)) =0,

we get that P has the form P = (Ox — F). We already know that
HY(P) € Tgs so it remains to show that F € Fpg (see [BCR, Remark
3.10]). For T € Tgs we have

Hom(7, F') = Hom(T, P) =0

since T' € Tgs C T¢ 0, and we're done. O
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7.3. Limit stability II. We identify the limit of (u,n)-stability for
w — oo with PPT stability.

Lemma 7.9. Let P € PB be of class (—1,7,¢) and g > max V,. Then,
P is a perverse stable pair if and only if P is a (7¢ ), F¢,(un) Dair.
In particular, for any v € N; and p > max V., we have

pDT,CY’(W’) = PPT, .

Proof. The proof is analogous to [BCR, Lemma 8.20]: for such p and
E € A<y with [E] < v in Ny, such that £ € T¢ ), we must have
E € Ap. O

7.4. Crossing a wall. Let p € V. First, we show that we can enter
the wall {u} x R from either side in the following sense.

Lemma 7.10. Let « € N and 0 < e < 1.

(i) For sufficiently large n > 0
Pairs,; " = Pairs$(HHem |
(ii) for sufficiently small n < 0

Pairsg;(’“"") = Pairsg’(“’g’”) .
Proof. The proof is a simplified version of [BCR, Lemma 8.25]. O

We explain now the wall-crossing inside {u} x R. Let ¢, € Ny be
the unique class of Lemma 7.3. For any ¢ € N, define

PDTINE, = D PDTON, 2o € Qo™ ).
kEZ
We have used the Novikov parameter z to track both ¢ and (). By
the previous lemma, the notion of (u,n)-pair is constant for n > 0
(respectively n < 0) and fixed a € N<;. Thus, we can choose arbi-
trary 1o € R and define the limit for » — 400, which agrees with the
generating series for (u 4 e,m9):

G, (p,Eo0) ¢, (uEe,mo)
pDTfy,c—&—Zcu - pDT’y,c—i—Zcuo .

Lemma 7.11. The two generating series PDT f/(c’igf ) are the expansion

of the same rational function.

Proof. The combinatorics is the same as in Section 6.2, see also [BCR,
Corollary 8.28].
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The technical conditions to apply the wall-crossing formula are veri-
fied using Proposition 4.19 and Lemma 7.1 in essentially the same way
as we did in the proof of Lemma 6.4. For condition (iii) of Section 3.4
we note that if > | ¢; = cis fixed and each ¢; belongs to a L,-bounded
set, then there are only finitely many possibilities for each ¢;. O

The main result of this section is then a formal consequence.

Proposition 7.12. There exists a rational function f, (g, @) such that
for all u € V, the series pDTg’(“iE’") are the expansion of f., with respect
to Luig.

Proof. Let 1 = maxV,, be the biggest wall and ¢, € Ny the class of
Lemma 7.3. By Lemma 7.10 and Section 7.3 the series pDTg’(“J’a’")
agrees with perverse stable pairs PPT, and it is the expansion of a
rational function f! as proven in Section 6. Note that in the limit
i — oo the linear function

agrees with d(—) in the sense that expansion of the rational function
J¥ is the same for L,/ and d.

The previous lemma says that the two series pDTg:(c’igj ) agree as
rational function for each ¢ € Ny. Their difference is a quasi-polynomial

function in k. Recall that, by definition of ¢,, we have
Lyte(c) >0, Ly—c(c) <0.

It is then a formal consequence [BCR, Lemma 2.22] that pDTg’(“_a’”) is
the expansion of the same rational function f¥, with respect to L, ..

Since stability is constant on (R>0\%) xR we can argue by induction
on the finite set of walls ¢/ € V. In particular, we obtain the same
rational function f, for each wall. O

The limit of (-stability for 0 < p < 1 was found to agree with BS
stability in Section 7.2 which, together with Section 5, concludes the
proof of Theorem 1.3.
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8. GROMOV—WITTEN THEORY

In this section we assume the GW/PT correspondence for X. Let

—C o™, (1 _1Qj)j21] [, ul]

R,={f€R: f(Qu) =Qf(Q7", —u)}.

More explicitly, elements of R are written as

w,Q) =Y f(Qu

s>H

and

where f(Q) are rational functions of the form

I (%)
fs(Q) - H](l _ Qaj)

with p(Q) a Laurent polynomial. Then f € R, if and only if
Qafs<Q_1) = (_1)st(Q) .

Proposition 8.1. For all § € N;(X), after the change of variables
q = €™ we have

PPTs(e™, Q) € Ry.5-
Proof. We prove first that PPTs € R. By Theorem 1.2 it holds that

1
+1 A+l
0 (o) |-
1—q QP ab>0]

Since clearly ¢*1, Q*! € R it suffices to show that ; aQb € R, which
follows from the following simple computation:

1 o ikau, kb __ Sa)® o
1_€iaqu_Ze Q _Zu S! kQ

pPTﬁE@

k>0 k,s>0
= g L1_ Q).
s>0

Since the polylogarithm Li_4(Q) is a rational function with denomina-
tor (1 — Q)**! for s > 0, the claim follows.

The rest of the Proposition follows from the functional equation part
of Theorem 1.2:

QW.B pPTﬂ(qila Qil) = pPTﬁ(Q? Q) .
After the change of variables ¢ = €™, it follows that PPTs € Ry.5. O
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Conjecture 8.2. The Proposition above still holds if we replace R by
the smaller ring

R=C [Qﬂ, m] [, ],

We now deal with PTy(q, Q). This requires that we exclude genus 0
and 1 terms. More precisely, define

Po(0,Q) = PTofa. @) -exp (2 2010(Q) + 250 10(Q)).

Proposition 8.3. After the change of variables ¢ = ™, one has

ﬁo(ei“, Q) S Ro.
Proof. We have
(2 —29)(4Q)"
PTo(q, Q) = exp (Z TRHi-g)e |
k>1
Writing ¢, for the coefficients in the u-expansion of
(2 _ 2g U
(1 —eiv)2 Z e
one has the formula

PTo(q,Q) = exp (Z csusLil_s(Q)> )

s>—2
As easy inspection shows that ¢c_o = 29 — 2, c.1 = 0 = ¢y, and ¢y =
(9 — 1)/6. Thus, the definition of PT( removes the first terms in the
previous formula and we find that

P/’\:Fo(q, Q) = exp <Z cSuSLilh(Q)) .

s>2

This concludes the proof since, for s > 2, Li;_4(Q) is a rational function
with denominator (1 — @)® and satisfies the symmetry property

Lil—s(Q_l) = (_1)8Li1—s(Q)' O

We provide now the proof of Corollary 1.4. We denote

PTa(0.Q) = PTofa. Q) -oxp (2 210(Q) + 50 10(Q)).

By Theorem 1.3,
PPTys(q, Q) PTo(g, Q) = PTs(q, Q)
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so Propositions 8.1 and 8.3 together imply that ﬁg(q, Q) € Rus.
Hence the generating function

Y. PTs(,Q) %"
BEN1(X)

belongs to the ring

R=1{ > fs(q.Q)2": fs € Rug

BEN1(X)

Moreover, with the usual change of variable ¢ = ™, we have

eXP( Y WY GWise Qj> = > PTu(q.Q)" R
(h,8)

#(0,0),(1,0) JEL BEN(X)

Taking the logarithm preserves R, finishing the proof of Corollary 1.4.

APPENDIX A. LocAL HIRZEBRUCH SURFACE

In this appendix we take a closer look at the non-compact Calabi—
Yau 3-fold Ky associated to the Hirzebruch surface W = F,.. We
use the topological vertex to compute their enumerative invariants. In
particular, we prove the following strengthening of Corollary 1.4 in the
local case:

Theorem A.1. Let X = Ky be a local Hirzebruch surface. For all
h € Zso and B € Hy(W,Z) such that (h,3) # (0,mb), (1, mb), the
series

> GWilsyjn @

JEL
is the expansion of a rational function f; 5(Q) of the form

s(Q
fns(@Q) = (1— gh)f((bﬂ))—f—Qh—Q ’

where pj, g is a Laurent polynomial. Moreover, f, 3 satisfies the func-
tional equation

Frp(Q7) = Q7 W7 i 5(Q).
In the theorem, the intersection products b- g and Ky - 8 are taken
in H*(W). The canonical class is
Kw =—2c—(2+ )b,

where ¢ is the class of the torus-invariant section with non-positive
self-intersection ¢? = —r.
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Remark A.2. The form of the rational function implies that if we
fix k, h,r then GWhmcﬂ
for large enough j. In [KKV, Equation 5.2] the authors predict the

, 15 a polynomial in j of degree 4m + 2h — 3

assymptotic behavior for h = 0:

K, -4m—3
GW,,_ 0,mctjb ™ YmJ

for some constant -, that doesn’t depend on r. The independence of
is not difficult to see from our proof.

A.1. Combinatorics of the 2-leg topological vertex. The local
Hirzebruch surface Ky, is a toric non-compact Calabi-Yau 3-fold, so
its Pandharipande-Thomas invariants can be computed via the for-
malism of the topological vertex. The 2-leg case of the topological
vertex admits simple combinatorical expressions, also known as Igbal’s
formula [Iqb, LLZ, YZ, Zho2]. We now describe such formula.

Given a partition 4, we associate to it the Schur function s, (1, ..., z,)
(see for example [Mac, 1.3]). An explicit way to define s, is the follow-
ing:

Su = det (hu,—itj)1<; j<n
where N > ¢(u) and hy, = hy(x1, ..., x,) are the complete homogeneous
polynomials. We will often consider the specialization of s, to the
infinite set of variables x = (1,¢,¢% ...). In this case the definition

above is still valid with

k
hie(1,q,¢%,...) :H

for kK > 0 and h, = 0 for £ < 0. An alternative way to write
su(1,q,¢% ...) is the hook-content product formula

SH<1JQ7q27"' lu) H

DE/L

In the formula, n(u) = Zf(’?( 1)p;. Th product runs over boxes in
the Young diagram of p and h(0) is the hook length.

Igbal introduced W-functions that play a role in the 1-leg and 2-leg
vertex formulas. For a partition p, it is defined as

W) = (=1)HgMW 22 s, (1,4, ),

where

Z/Ll wi—2i+1)€Z.
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For two partitions u, v we define

Wiw(a) = "2 Wo(g) su(a" " 272, 0) .
Although it is not apparent from this definition, we have symmetry in
the two partitions, i.e. W,,, =W, ,, [Zhol, Theorem 5.1].

We can now formulate Igbal’s formula for the Gromov-Witten in-
variants of local toric surfaces. Let W be a toric surface. Let

Dy,Dy,... ,Dn,Dyy1 =Dy

be the toric divisors in the order they appear in the moment polygon
of W. Denote s; = D]2 € 7 the self-intersection numbers.

Theorem A.3 ([YZ, Theorem 1]). The partition function for the dis-
connected Gromov—Witten invariants of Ky, is

ZKW _ Z H ( SJ'/J‘]l k(#])SJ/Q Wﬂj“ujJrl (q) Z‘/”‘lej>

M1, tN J=1

after the change of variables ¢ = e®.

Recall that under the change of variables ¢ = ¢™ we have

ZKw = PTEw (¢, 2 Z PTs, 2% (—

A.2. Igbal’s formula for Hirzebruch surfaces. We specialize The-
orem A.3 to the case of the Hirzebruch surface W = F,. The homology
Hy(W,Z) is generated by two classes b and ¢ where b is the fiber class
and c is the class of the torus-invariant section P' < W with non-
positive self-intersection ¢ = —r. The toric divisors of W are

Dlzb:Dg, D2:C+Tb, D4:C.
We denote by Q = 2P and Q. = z¢ the Novikov variables, then
(8) ZKW - Z (qr(k(#2)_k(“4))W/’leuQW,u‘QnuﬁW,LL3HUJ4W;U'4HU'1

H1seee5 104

% (<_1)TQC>\u2|+|u4\QIMIH#sHTI#zI)

— Z Ql(—1)™ Z <qr(k(u2)—k(u4))eru2
m=0

|p2|+|pal=m

2
X ( Z Wm,,\WM,AQMI) )
A
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The sum appearing in the last line

S0, Q) = Zm (@)@ € Q((¢,Q))

admits a nice closed formula [EK, Proposition 1]. We give a proof
which is a bit more direct than the one in [EK]. Let

[ee]
pr E q“iii pr—y
=1

Lemma A.4 ([EK, Proposition 1]). For any two partitions u,v we
have the following identity in Q((¢, @)):

i —1

O Sw=WWew (Zpu o >(q§f’k> .

k=1
Proof. Let x; = (¢Q)Y2¢" ™, y; = (¢Q)*2¢"~7. Then

pu(d*) = (aQ) " af = (aQr) M Pi(w),

i>1

where Py (x) is the k-th power function. For a partition A let

x) = HP)\i(x), mp =#{i: N\ =k}, z\= Hl{;mkmk!.
By expanding the exponential and cancelling W,V, on both sides,
using
WN7/\ = q‘)‘|/2 WM SA(qu1_17 qﬂ2_27 c ) 9
we're left to show
Z(QQ)p\‘S)\(qulila qﬂ2*2> . ')S)\(qmil) qy2727 . )

A
)

_ EA: mlk! (Pk(l")kpk(y)>mk.

k=1

By the Cauchy identity [Mac, Eq. 4.3] the LHS is

H 1

1— a2y,
ij>1 i

and the RHS is
>z Pi(x)Paly).

A
The two sides agree [Mac, Eq. 4.1, 4.3]. O
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A.3. Rationality of PT3/PT,. We now give a quick proof of the ra-
tionality result in Theorem 1.1 in the local case based on our computa-
tions. Equation (9) can also be written as an infinite product formula
in the following way. We can write

S

1 .

pu(@)pu(q) = a; q'

H (1 _ q)2 Z

for some s, a; € Z>( depending on p,n. Then,

S =W, [ (H(l _ qa‘+iQ)—j> .

i=—s \j>1

1=—35

Note in particular that taking the constant QY coefficient in equa-
tion (8) we find
PTy(q,Q) = [QIZ"W = 53y = [[(1 — Q).
i>1

Since W,,, W, € Q(¢) and

iai—l, ii@i_o,

1=—Ss 1=—Ss
one can see that

Sy
S € Q(¢,Q).

Together with equation (8) it follows that

PToc(q,Q) o\ 25V
PTo(q,Q) i S(%@

A.4. Proof of Theorem A.1. We give the proof of Theorem A.1
based on the application of Igbal’s formula (8). We first remark that

€ Q(q,Q).

it is enough to prove the result when 5 = mc for some m > 0. Indeed,
if 8 = B + kb then the corresponding generating functions are related
by multiplication by Q=% and

b-B=b-8, —Kw-8=—Ky-B+2k.

We define a refinement R,, C R, of the sets introduced in Section 8.
Elements of R,; are Laurent series of the form
F(Qu) = f(Qu’
s>H

such that f5(Q) take the form

riQ = 29
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and satisfy

Qf(Q7") = (—1)°£o(Q)-
For a Laurent series f(q, ()) in variables ¢, @ we say that f € R, if it
is in R, after the change of variables ¢ = e". We must show that

ﬁmc(Qa Q) S R2m,(2+r)m )

where PT is as defined in Section 8. We consider the u-expansion of
the series

pu(eiu)pu(eiu>eiu _ Z cé“’u" )
s=—2
The first few terms of the expansion are easily computed:
n

pu(eiu>py(eiu)eiu — _u—2+ <|,U| + |I/| — 1—12> +§(lﬁ(ﬂ)+kﬁ(y)>+0(u2)

Plugging the expansion into equation (9) we get

Syuy =W, W, exp (Z c‘s‘”usLils(Q)> )

s=—2
Defining now the modification
~ 1. 1.
Sy = Suuexp (ELls(Q) =+ ELM(Q)>

we have the formula

gmu =(1- Q)*(l#HIV\)W#WV exp <%(k(,u) + k(V)) 1 i_ g)

X exp (i cg‘”usLil_s(Q)> :

s=2
where »
Wala) = W) =exp (400 ) W),
We used the identities
Lii(Q) = ~log(1 — Q). Lin(Q) = 125

For s > 2, Li;_4(Q) is a rational function with denominator (1 — Q)*

and satisfies the symmetry property

Li(Q ") = (~1)'Lii_(Q).

Moreover, W satisfies W(q) = W(1/q) (see [Zhol, Proposition 5.1]) so
we have, for m = |u| + |v],

Spuwy € Ry -
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We can now finish the proof of Theorem A.1. From equation (8) we
have

PTmc(Q7 Q) _ (_1)rm Z qT(k(MQ)*k(M))eruﬂ§227u4

lp2|+|pa|=m
We pair the (pg, i4) and (g4, p2) terms and note that
qr(k(uz)—k(m))QTluz\ + qr(k(uz;)—k(m))Qr\ml € Roym

therefore
PTmC(Qa Q) € R2m7(2+r)m
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